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Summary

This thesis is devoted to the problem of parametrization of

curves. It provides a good reference of known geometric methods. Some

subproblems, e.g. constructing neighborhood graphs, are studied closely and

several improvements are suggested. A complete binary complexity analy

sis of parametrization is included.

This work is partially aimed at the study of the parametrization prob

lem from the algebraic point of view replacing classical algorithms by new

sophisticated methods. Some subproblems are reconsidered as problems in

commutative algebra opening new horizons. A new algorithm for comput

ing adjoint curves based on integrally closed rings is presented. It plays a

central role in many other applications.
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Zusammenfassung

Diese Dissertation widmet sich dem Problem der Parametrisierung von

Kurven. Sie dient als gutes Referenzwerk für bekannte geometrische Me

thoden. Einige Teilprobleme, wie z.B. Konstruktion benachbarter Graphen,

werden näher betrachtet und mebrere Verbesserungen ausgearbeitet. Die

Komplexität der Parametrisierung wird eingehend analysiert.

Diese Arbeit ist zum Teil auf das Studium des Parametrisierungspro

blems vom algebraischen Standpunkt ausgerichtet. Klassische Algorith

men werden durch effizientere ersetzt. Einige Teilprobleme werden als

Probleme in Algebra betrachtet, was zu vollig neuen Gesichtspunkten

fiibrt. Em neuer Algorithmus zur Berechnung adjungierter Kurven, der auf

ganzzahlig abgeschlossenen Ringen basiert, wird präsentiert. Dieser Algo

rithmus spielt eine zentrale Rolle in vielen anderen Applikationen.
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Preface

The modern algebraic geometry developed to an interdisciplinary mathe

matical subject studying manifold faces of geometric objects. The 20-th cen

tury brought up many excellent results clarifying basic principles of math

ematics. These days, in the period of evolution of symbolic algebra sys

tems, old constructive results are revived to be implemented in computers,

and classical achievements are reconsidered to prove them suitable for com

puter aided research. Even simplest objects — the curves — despite of hav

ing been extensively studied for a long time, are still bearing many opened

questions.

This work concentrates on the problem of parametrization of rational

curves. Proceeding use of computers is posing new problems asking for fea

sible solutions. In this frame, a solution of the parametrization problem re

quires going new ways. One ofmain aims of this work is to study and utilize

modern algebraic methods to parametrize curves instead of easy, construc

tive, but in many cases inefficient methods developed by founders of this

subject. All concepts which appear in parametrization are considered from

both geometric and algebraic point of view. It is shown that even rather ab

stract methods of commutative algebra may be successfully used in com

puting. In many cases, they open new views and reveal properties hidden

when using geometric methods.

In the first chapter a brief overview over some elementary concepts of al

gebraic geometry is given. The second chapter deals with basic ingredients

xi



xli

of parametrization — singular points. Basic properties are described in both

geometric and algebraic language. An analysis of the impact of the quadra

tic transformation from new points of view is provided. In Appendix A, a

new algorithm for computing adjoint curves is studied. It provides natural

algebraic means to study the structure of singular points. The third chapter

offers a complete treatment of the parametrization problem. In the fourth

chapter some complexity questions regarding the parametrization are con

sidered. Appendix B yields a detailed complexity analysis of a parametri

zation algorithm.
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Chapter 1

Algebraic Geometry of

Varieties

This chapter serves as an introduction into basic principles of algebraic ge

ometry of varieties. It describes in moderate detail all notions used through

out this work. It is not meant to duplicate introductory sections of any text

book on algebraic geometry. It merely introduces concise notation and most

of basic theorems used later. For a detailed introduction to algebraic ge

ometry and proofs of most of theorems mentioned in this chapter we refer

to [Sha94]. A part of the theory developed here pertaining to commutative

algebra may be found in [ZS75].

1.1 Closed Subsets in Affine Space

Let k be a fixed field called ground field. It is assumed to be algebraically

closed unless stated otherwise. We consider the n-dimensional affine space

over this field A~ (k) which is often referred to as just A~ if no confusion may

arise.
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1.1.1 Closed Sets

The basic notion of elementary algebraic geometry is that of a closed set.

Definition 1.1.1. A closed subset (algebraic set) of A~ is a subset X c A~1 1 con

sisting of all common zeros of a finite number of polynomials with coeffi

cients in k.

Proposition 1.1.2.

(i) The intersection ofany number of closed sets is a closed set.

(ii) The union offinitely many closed sets is a closed set.

Analogously to the topology we may introduce the notion of a closure

of an arbitrary set.

Definition 1.1.3. The intersection of all closed subsets of X containing a

given set M c X is a closed set called the closure of M denoted by M. A subset

McX is dense in X if X.

Now we are able to define a topology of the affine space using comple

ments of closed sets.

Definition 1.1.4. Let X c A7’ be a closed set. A set U c X is said to be open

if its complement X \ U is closed. Any open subset U 3 x is called a neigh

borhood of x.

From Proposition 1.1.2 we immediately see that the system of open sets

provides a topology of A7’.

The smallest elements among closed sets are irreducible ones, i.e., closed

sets which may not be split further.

Definition 1.1.5. A closed algebraic set X is reducible if there exist proper

closed subsets X1, X2 ç X such that X = X1 u X2. Otherwise x is irreducible.

‘We use the symbol c to denote an inclusion or equality. If the possibility of an equality

of two sets has to be emphasized, the symbol ~ is used instead.
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The following proposition yields a description of the structure of closed

sets.

Proposition 1.1.6. Any closed set is afinite union of irreducible closed sets which

may be chosen in a way that there is no closed set contained in another one.

1.1.2 Regular Functions and Maps

We consider now functions mapping points of a closed set X c A~ to the

ground field which have the same behaviour as polynomials (viewed as func

tions on X). The set of all these functions yield the first fundamental invari

ant of a closed set — the coordinate ring.

Let X be a closed set in the affine space A~.

Definition 1.1.7. A function f defined on X with values in k is called regular

(on X) if there exists a polynomial F(T) with coefficients in k such that f(x) =

F(x) for all x e X. The set of all functions which are regular on X is a ring

called the coordinate ring of X denoted by k[XJ.

Remark 1.1.8. If a closed set X is irreducible, the coordinate ring k[XJ is an

integral domain, i.e., without zero divisors.

Lemma 1.1.9. Let 2tx c A~ be the ideal of the closed set X, i.e., a set ofpolyno

mials F(T) = F(T1, . . . , T~) which vanish on all points of X. Then

k[X] = k[T1,... , T~]/2t~

Definition 1.1.10. Let X c A~’ and Y c Atm. A map f: X —+ Y is regular if

there exist m regular functions fi, . . . , f~ on X such that f(x) = (fi (x), . . . , f~(x))

for all x e X

Remark 1.1.11. Let f : X —÷ Y be a regular map. Then f induces a ring ho

momorphism

k[Y] —* k[XJ

g ~—* go f
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Definition 1.1.12. A regular map f : X —* Y of closed sets is an isoniorphism

if there exists a regular map g: Y —* X such that fog = 1 and go f = 1

Proposition 1.1.13. Isomorphic maps induce isomorphisms between coordinate

rings.

1.1.3 Rational Functions and Maps

Similarly as in the previous section for an irreducible closed set we may con

sider fractions of regular functions (see the remark after Definition 1.1.7).

This lead us to the notion of a function field.

Definition 1.1.14. For an irreducible closed set X the quotient field of k[X],

denoted by k(X), is called the function field or thefield of rationalfunctions on

x.

Definition 1.1.15. A rational function p e k(X) is regular at x e X if it can be

written in the form q = with f, g e k[X] and g(x) ≠ 0.

The following theorem reveals a connection between regular and ratio

nal functions.

Theorem 1.1.16. A rationalfunction ‘p that is regular at all points of a closed set

X is a regularfunction on X.

A tuple of rational functions on a closed set may be regarded as a map

to A’.

Definition 1.1.17. A rational map p: X —* Y c A~’ is an m-tuple of rational

functions pr,.. , ~Pm E k(X) such that for all points x e X at which all the ‘pj

are regular, ‘p(x) = (q~(x), . . . , Pm(X)) e Y. We say ‘p is regular at such point x

and q~(x) E Y is the image of x. The image of X under a rational map ‘p is the

set of points

‘p(X) = {‘p(x) I x e X and ‘p regular atx}.
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Proposition 1.1.18. Similarly to regular maps a rational map p : X —+ Y betzveen

two closed irreducible sets induces afield homomorphism q~ : k(Y) —* k(Y).

The counterpart of an isomorphism in the context of rational functions

is a birational equivalence.

Definition 1.1.19. A rational map (~ : X —* Y is called birational or a birational

equivalence if q has an inverse rational map ip: Y —* X such that p(X) is dense

in Y, ~tI(Y) is dense in X, and ~)v o q = 1, ~o o = 1 whenever both are defined.

In this case, X and Y are said to be birationally equivalent.

Proposition 1.1.20. Birational maps induce isomorphisms betweenfunctionfields.

1.2 Quasiprojective Varieties

Closed sets introduced in the previous section may be viewed as local snap

shots of object we are interested in. In making the view more complete we

pass to projective and quasiprojective varieties.

Let P~ be the n-dimensional projective space. A point P e P” is repre

sented by a n + 1 tuple (x0: : xe), x1 e k. Two such representations (xo:

x~) and (yo:~~~ : y~) describe the same point P if there is a non-zero con

stantc e ksuchthat(xo : :x~) =(c.yo: • c.y~). Ifxo≠O,wemayidentify

(x0 : x~) with the point (a1, . .. , a,~) by setting a1 = x~/xo. This yields a 1-1

correspondence between points of the open set x0 ≠ 0, denoted as an affine

piece A7 of P~, and we have P~ = 1J. A~.

A polynomial f e k[S1,... ,S,~] vanishes at a point P = (x0, . . . ,x~) e P~

if f(xo,. . . , x,~) = 0 for all representations of P. In this case, if f = fr + fr+i +

+ fk. 0 ≤ r ≤ k, where f1 is a homogeneous polynomial of degree i, then

f~(xo,...,x~)=0forr≤i≤k.

The notion of a closed set is defined in analogy to the affine case.

Definition 1.2.1. A subset X c P~ is a closed set if it consists of all common

zeros of a finite number of polynomials in k[x0,... , x~].
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Remark 1.2.2. The notion of an open projective set and a projective closure of a

subset of P~’ is introduced in the same way as in the case of the affine space.

So far, open and closed subsets of affine and projective spaces have been

introduced. The notion of a quasiprojective variety includes all of them.

Definition 1.2.3. A quasiprojective variety is an open subset of a closed pro

jective set.

1.2.1 Regular Functions

Furtctions on projective sets require more care to reflect the ambiguous na

ture of a representation of a point.

Definition 1.2.4. Let X c P~ be a quasiprojective variety, x e X, and f = P/Q

where P and Q are homogeneous polynomials of the same degree. Then f
is said to be regular at x if Q(x) ≠ 0. If f is regular at all points x E X, it is said

to be a regularfunction on X. All regular functions on X form a ring denoted

by k[X].

Remark 1.2.5. The representation off as the quotient of two forms of same

degree allows to regard f as a function of a projective point. Note that the

representation is not unique.

We use regular functions to construct maps between quasiprojective va

rieties. A map of a quasiprojective variety X c F” into an affine space A’~ is

given by n functions on X with values in k. If these functions are regular on

X, then the map is called regular.

Definition 1.2.6. Let f : X —* Y be a map between quasiprojective varieties,

Y c pm~ This map is regular if for every point x e X and for some affine piece

A~” containing f(x) there exists a neighborhood U 3 X such that f(U) c

and the map f: U —* A71 is regular.
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Remark 1.2.7. A regular map to Y c P,1’ may be given by a m-tuple of forms

(F0 : : Fm). Two tuples (Fo: : F,1) and (G0: : G~,,) define the same map

if and only if

F~G1=F~G~ forO≤i,j≤m.

A reformulation of the previous definition according to this remark yields

an alternative description of regular maps.

Definition 1.2.8. A regular map f: X —÷ P’1’ of an irreducible quasiprojec

tive variety X to projective space P~’ is given by a (m + 1)-tuple of forms

(F0 : ... : F~,) of the same degree such that for every point x e X at least one

F, does not vanish at x.

Remark 1.2.9. The notion of an isomorphism is defined in the same way as

for affine closed sets.

We will often reduce investigations of projective sets to investigations of

varieties contained in the affine space which allow more concise and clear

description. Hence, if a quasiprojective variety is isomorphic to a closed

subset of an affine space, we will call it affine variety. In the same way, if

a quasiprojective variety is isomorphic to a closed subset of an projective

space, it will be called projective variety.

In many cases, properties of varieties do not change when only open

subsets are considered. We say, a property of X is local if it suffices to check it

only for a certain neighborhood U~ of any point x e X. When studying local

properties of quasiprojective varieties, it is sufficient to restrict our consid

eration to affine varieties, i.e., to those embedded in an affine space.

Lemma 1.2.10. Every point x of a quasiprojective variety X has a neighborhood

isomorphic to an affine variety.

Remark 1.2.11. The neighborhood described in the preceeding lemma is

called an affine neighborhood.
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1.2.2 Rational Functions

Consider an irreducible quasiprojective variety X c ~ Write ox for the set

of rational furLctions f = P/Q where P, Q are forms of the same degree in the

homogeneous variables S0, . . . Sn such that Q ~ 2t,~. If X is irreducible, O~

is a ring.

Definition 1.2.12. Let Mx denote the set of all functions f = P/Q E O,~ with

P e 21x• The quotient ring 0(X) Mx/0x of is a field, calledfunction field of

X. It is denoted by k(X).

Remark 1.2.13. It maybe easily seen that rational functions are defined only

on certain open subsets of X (where the denominator does not vanish). Since

for an open subset U c X there is 2tu = 2t~, we conclude k(U) = k(X).

Similarly to the case of affine varieties we introduce rational maps.

Definition 1.2.14. A rational map f: X —* Ptm is given by m +1 forms

(Fo:••~:F~)

of the same degree in the n ÷1 homogeneous coordinates of nfl, and at least

one F is not contained in 2tx. Rational maps of projective varieties are sub

ject to a similar equvalence relation as introduced for rational maps of affine

varieties.

Remark 1.2.15. Let F(x) ≠ 0. Then in a certain neighborhood of x the map

(F0 : : F~) is given by m rational functions f1 = F1/E. Each f~ is regular at

x.

Definition 1.2.16. Let f: X —* Ptm be a rational map, and Y c Ptm a quasipro

jective variety. We say that f maps X to Y if there is a open subset U c X

where f is regular and f(U) c Y. The union U of all such sets is called the

domain of definition off, and f(U) c Y the image of X in Y.
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Remark 1.2.17. As in the case of affine sets, we may define birational equiv

alence which induces an isomorphism of function fields.

Proposition 1.2.18. Two irreducible varieties X and Y are birationally equivalent

ifand only if there are open subsets U c X and V c Y such that f induces an iso-

morphism of U onto V.

1.3 Local Properties

In this section we proceed to define those properties of varieties which re

main invariant when the variety is replaced by some neighborhood of a point

on it. Such properties are called local.

1.3.1 The Local Ring of a Point

One of most important invariants of a point is the local ring.

Definition 1.3.1. Let X be a variety and x E X. The local ring O~(X) is a sub-

ring of k(X) consisting of all equivalence classes of functions which are reg

ular on some neighborhood of x. Two functions are said to be equivalent if

they agree on some neighborhood of x. In other words,

k[X]Ag(x)≠O}.

Two functions f/g and f’/g’ in O~(X) are equivalent if there is a h with h(x) ≠

Oandh(fg’—f’g)=O.

The following theorem relates the local ring to the coordinate ring.

Theorem 1.3.2. Let X be a variety. Then

k[X} = fl O~(X)
XE X
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1.3.2 The Tangent Space

Another important invariant is the tangent space. Let X = V(f1, ... , f,~,) ~E A~’

bean affine variety and xc X. We may assume x = (0,. . . , 0). Let La = {ta It E

k} be a line through x.

Definition 1.3.3. The intersection nniltiplicity of L and X at x is the multip1ic~

ity of the root t = 0 of gcd(f1(at), . . . ,f~,(at)).

Definition 1.3.4. A line L is tangent to X at x if its intersection multiplicity

with X at x is bigger or equal 2.

Definition 1.3.5. The locus of points on lines tangent to X at x is called the

tangent space to X at x, denoted by O~(X) or by O~ if the variety is fixed.

Proposition 1.3.6. Let x = (0, . . . , 0) and La := {at t e k} be a line given by an

element a c A~. The tangent space O~(X) of a variety X c A~ is the set

e~(X) = {y e La I aF/aT,(a) = 0 for all i andfor all F e

Let now X be a hypersurface in A’~ given by a polynomial F(T1, . . . , Ta).

From the preceeding proposition we see that the equation of the tangent

space of X atx = (x1,.. . ,x~) is

~‘

~ ~-(x)(Tj — x~) = 0. (1.1)
i=1 ~

A special case occurs if the left hand side of the equation (1.1) vanishes

identically, i.e., if ~F/aT1(x) = 0 for all i. Points x satisfying this condition are

called singular.

Definition 1.3.7. We say, a point x on a hypersurface X c A’~ given by a

polynomial F is singular or multiple if aF/a1(x) =0 for all i. A point xis called

simple if it is not singular.

The most interesting features are observed at singular points. However,

simple points bear many remarkable properties too.
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Theorem 1.3.8. The local ring O~(X) of a non-singular point x E X is a unique

factorization domain.

1.3.3 The Tangent Cone

As we saw in the previous section, the tangent space of a hypersurface at a

simple point is a uniquely defined hyperplane given by the equation (1.1).

However, the tangent space of a hypersurface at a singular point is the whole

space itself. In order to obtain more information about the structure at a sin

gular point x = (0, . . . , 0) E X, we will consider a distinguished system of

hyperplanes which span the tangent space at x.

Let X cz A’~ be a hypersurface given by a polynomial F = ~k + Fk+1 +• + F1,

where F; are forms of degree i, Fk ≠ 0.

Definition 1.3.9. The tangent cone of a hypersurface X c A~ at x is the set

{yE La!Fk(a)=O}c e~.

Consider an example of an algebraic, not necessarily irreducible, plane

curve C c A2 given by a bivariate polynomial F(X, Y). The form of lowest

degree Fk factors in a product of lines Fk(X, Y) = fJ(a~X + 13,Y)eI. The tangent

cone consists in this case of a number of lines (ajX + 13Y) = 0 called tangent

lines. Each tangent line 1: (ajX + /31Y) = 0 is assigned an integer e1 called

the multiplicity of i~. The number ~ = k is called the multiplicity of C at x.

Usually, the lines l~ will be referred to as tangents if no confusion with the

objects introduced in the Definition 1.3.4 may arise.

1.4 Integrally Dependent Rings and Finite Maps

In previous sections we introduced some very basic principles of algebraic

geometry. We observed a tight connection between properties of the vari

eties and of the corresponding algebraic objects — coordinate rings and func

tion fields. This fact enables us to study varieties in two ways — by examin
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ing their points and maps defined on points, or their coordinate rings and

function fields and homomorphisms between them.

In this section we will elaborate this correspondence for a special case.

We will consider finite maps between varieties, and study the actions they

induce on coordinate rings. This theory then ultimately leads to the exis

tence of non-singular models of varieties, i.e., of varieties lacking compli

cated singular points. In the case of curves we arrive at transformations de

void of all singularities.

1.4.1 Integrally Dependent Rings

In this section we recall some important results from commutative algebra.

For detailed treatment or proofs we refer to [ZS751.

Definition 1.4.1. Let A be a ring, B an overring of A, and x e B. The element

x is said to be integral over A if it satisfies one of the following equivalent

conditions:

(i) There exists a finite set {a1,... , a~ } of elements of A such that

~

(ii) The ring A[x] is a finite A-module.

(iii) The ring A[x] is contained in a subring R of B which is a finite A-module.

(iv) There exists a finite A-module M c B with:

(a) xMcM;

(b) zero is the only element y of A[x] such that yM = 0.

Lemma 1.4.2. Let A be a ring and B an overring of A. The set of elements of B

which are integral overA form a ring containing A.
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Definition 1.4.3. A ring B is said to be integral over A (or integrally depen

dent on A) if all elements of B are integral over A.

The following proposition shows that integral dependence satisfies the

tower theorem.

Proposition 1.4.4. Let A c B c C be rings such that B is integral over A and C is

integral over B. Then C is integral over A.

Definition 1.4.5. The set AB of all elements of B which are integral over a

subring A is called the integral closure of A in B. If A = AB, we say that A is

integrally closed in B.

Remark 1.4.6. Usually, the role of B in the previous definition is played by

the total quotient ring. In that case, we say A is integrally closed.

Integrally closed rings are well studied objects. The following theorem

gives a sufficient condition for a ring to be integrally closed.

Theorem 1.4.7. Any uniquefactorization domain is integrally closed.

The following corollary is an immediate consequence of the Theo

rem 1.3.8.

Corollary 1.4.8. The local ring of a simple point is integrally closed.

Since local rings are noetherian local domains, we have:

Corollary 1.4.9. The local ring of a simple point is a discrete valuation ring.

The integral dependence is retained if we pass to factor rings or to local

izations.

Lemma 1.4.10. Let A be a ring, A’ a ring integral over A, and ~ cA’. Then A’/J’

in integral over A/A n ~J’.

Lemma 1.4.11. Let A’ be integral over A, and let S be a multiplicatively closed set

of non-zero elements ofA. Then the localization A’~ is integral over As.
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1.4.2 Finiteness Theorems

From the computational point of view, finitely generated structures are of

high importance. Those objects may be effectively represented in a com

puter. The following theorems show that under certain conditions the in

tegral closure of a ring is a finite module.

Theorem 1.4.12. Let A be an integrally closed domain, K its quotient field, F a

finite separable algebraic extension ofK, and A’ the integral closure ofA in F. There

exists a basis {x1, . . . , x~} ofF!K such that A’ is contained in the A-module ~1Ax~.

Now we show two important special cases where the integral closure is

a finite A-module.

Corollary 1.4.13. Under the assumptions of Theorem 1.4.12, and ~f A is noethe

nan, the integral closure A’ is a finite A-module.

Corollary 1.4.14. Under the assumptions of Theorem 1.4.12, and ~fA is a princi

pal ideal domain, the integral closure A’ is a finite A-module.

1.4.3 Conductor and Different

Conductor and different are important objects related to integrally depen

dent rings which may be assigned a clear meaning in algebraic geometry.

Definition 1.4.15. LetA be a domain and A’ integral closure of A in its quo

tient field F. The set of elements

~:={xe AIxA’cA}

is called the conductor of A in A’.

Remark 1.4.16. The conductor is the largest ideal of A which remains an

ideal in A’.
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Before we proceed to the different, an important class of rings will be in

troduced — Dedekind domains. These arouse in an attempt to retain nice prop

erties of unique factorization domains in ring extensions. We will see, De

dekind domains play an important role in the algebraic geometry of curves.

Definition 1.4.17. An integral domain R is called Dedekind domain if every

ideal in R is a product of prime ideals.

In this context, a natural extension of the notion of an ideal is discovered

— the fractional ideal.

Definition 1.4.18.

(i) Let R be a domain and K its quotient field. An R-submodule b of K

is called fractional ideal if there is a non-zero element d in R such that

bc~R.

(ii) A fractional ideal b is called invertible if there is a fractional ideal b’ such

thatb•b’ =R.

Remark 1.4.19. Any fractional ideal b may be written as b = ~a for some

non-zero d E R and an ordinary ideal a c R.

Using fractional ideals we may derive another characterization of Dede

kind domains.

Proposition 1.4.20. In a Dedekind domain, allfractional ideals are invertible.

Now we introduce a distinguished fractional ideal — the thfferent.

Definition 1.4.21. Let R be an integrally closed ring, K its quotient field, K’

a finite separable extension of K, and R’ an integral extension of R admitting

K’ as quotient field. Let TKIIK : K’ —* K denote the trace of K’IK. The set

CR9R := {z e K’ I T(zR’) c R}

is called complementary module of R’ with respect to R.
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Definition 1.4.22. Let be as above. The set

‘DRIIR := (R’ : eRIIR) = {z e K’ I ZCRIIR c R’}

is called the different of R’ over R.

The following theorem describes a relation between the conductor and

the different.

Theorem 1.4.23. With the notation as above let a be an element of R’ such that

K’ = K(a) and let F(S) be the minimal polynomial of a over K. Then we have

F’(a)R’ = ~RIIR[a]~DRIIR.

Proof. See [ZS751, Ch. V, §11. 11

1.4.4 Finite Maps

Finally we establish a connection between integrally dependent rings and

finite maps.

Let X and Y be affine varieties and f: X —* Y a regular map such that

f(X) is dense in Y. Then f* defines an embedding k[Y] ~—* k[X]. By means

of f*, we identify a e k[Y] and f*(a) Hence, k[Y] is viewed as a subring of

k[X].

Definition 1.4.24. A regular map f : X —÷ Y of affine varieties is called to be

finite if k[XJ is integral over k[YJ.

Finite maps have a number of interesting properties.

Proposition 1.4.25.

(i) Finite maps are surjective.

(ii) Finite maps take closed sets to closed sets.

The following theorem shows that finiteness is a local property. As a

consequence, we obtain an extension of this notion to arbitrary varities.
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Theorem 1.4.26. 1ff: X —* Y is a regular map ofaffine varieties, and every point

y e Yhas an affine neighborhood V 3~ such that U = f’(V) is affine, and f: U —+ V

is finite, then f is finite.

Definition 1.4.27. A regular map f: X —* Y of quasiprojective varieties isfi

nite if any pointy E Y has an affine neighborhood V such that U = f-1(V) is

affine, and f: U —* V is finite map between affine varieties.

Following theorems show that some fundamental maps are finite maps.

Theorem 1.4.28. Let X c P~ be a close variety and Fo, . . . , F5 forms of the same

degree having no common solution on X. Then the projection map

q,(x) = (Fo(x) : ... : F5(x))

is afinite map q, : X —* q(X).

As a consequence of the Noether Normalization Lemma we have the fol

lowing theorems.

Theorem 1.4.29. For any irreducible projective varieTy X there exists afinite map

q, :X—*Ptm

to some projective space pm~

Theorem 1.4.30. For any irreducible affine variery X there exists a finite map

p:X-~Am

to some affine space A’~.
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Chapter 2

Singular Points

2.1 Points on Plane Curves

Every curve possesses many different kinds of points. However, we distin

guish only two basis classes of them— singular and non-singular. For an in

troductory exposition we refer to Section 1.3.2.

2.1.1 Non-singular Points

From the geometric point of view, a point P = (x, y) on a curve C given by a

polynomial F(X, 1’) =~ f~1(X — x)~(Y — y)i is non-singular if either fio ≠ 0

or foi ≠ 0. In this case, the line

f10(X—x)+f01(Y—y)=0

is called a tangent to C at P. Assuming P = (0,0) we may rewrite the poly

nomial F(X, Y) as

F(X,Y) =F1(X,Y)+... ÷F~(X,Y)

where F,(X, Y) are homogeneous polynomials of degree i. The form F~, if

F1 ≠ 0, defines the (unique) tangent to C at P.
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From the algebraic point of view, the local ring Op(C) of a non-singular

point P is a discrete valuation ring (cf. [Fu1891). Let L be a line which is not

a tangent to C at P. Its image 1 in Op(C) generates the maximal ideal m of

O~(C). Then 1 is called uniformizing parameter at P. Thus, any non-singular

point P on C defines a valuation of the coordinate ring k[C] which may be

canonically extended to a valuation of the function field k(C).

Local rings of non-singular points on C almost exhaust the set of discrete

valuation rings of the function field k(C). Later we will see that there is still

a finite set of discrete valuation rings of k(C) which do not stem from any

non-singular point on C.

2.1.2 Singular Points

The set of non-singular points of a curve C is open in C, i.e. they make up

the majority of all points. The residual set consists of singular points which

make up a close subset of C. Consequently, its dimension is zero, i.e. there

are only finitely many singular points. From many points of view, these are

the most interesting points on a curve. For the sake of parameterization, sin

gular points belong to the most essential information needed to accomplish

this task.

Even though there are only finitely many singular points it is not always

obvious to find them. What do we mean by finding singular points? The

answer is not easy to give, in general. It substantially depends on what do

we intend to do with them. From the theoretical point of view, using the

Definition 1.3.7 we immediately obtain that singular points of an irreducible

plane curve C described by a polynomial F(X, Y) are given by solutions of

the system

F(X,Y)=0 0 aF(X,Y) =0 (2.1)

For some applications, this may be enough to solve the problem in question.
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In general, however, it turns out that such description will not suffice to pro

vide a good starting point to attack singular points. Let us try to postulate

some conditions on a description of singular points which, in our opinion,

are necessary and general enough at the same time to provide sufficient in

formation for subsequent steps of whatever is needed to be done. Such a

description of singular points has to satisfy following requirements:

1. It has to retain enough information to recover an exact description of

all coordinates of singular points, especially, all algebraic extensions

of the ground field.

2. If the subsequent steps do not explicitly require an irreducible repre

sentation, it should not require it either (In most cases we may suc

cessfully utilize “dynamic evaluation” (see [DD84]), i.e., work with re

ducible representations as long as possible.

3. The description has to be constructed in at most polynomial timein the

size of the defining polynomial F.

In particular, the second point is very important. Theoretically, the com

plexity of factorization is much bigger than that of gcd computation, in prac

tice, however, it is often easier to factorize a polynomial than to compute one

gcd with coefficients having many bits. Nevertheless, we want to avoid re

dundant factorization whenever possible.

We present an algorithm which provides us with a suitable description

of all singular points of a plane curve. Moreover, it satisfies all above re

quirements from above.

Let C be a plane curve without multiple components defined by a bi

variate polynomial F(X, Y) e k[X, Y]. First, we rotate the curve to a posi

tion where there are no two singular points having the same x-coordinate.

Curves satisfying this property are called to be in a regular position. In [SF90]

it is shown that this situation may be achieved by a suitable change of co
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ordinates. Now we may split all singularities of C into classes {C~} where

each class contains points of the same multiplicity i. Within Cj, points are

grouped into subclasses D~ represented by tuples of the form

(pj(x),qj(x,y)), ~jE k[x], qj e k[x][y] (2.2)

where p1(x) is an reducible polynomial describing the x-coordinates of all

points in ~ and qj(x, y) is a polynomial linear in y with coefficients over

k[xJ. The linearity of q in y results from the fact that the curve is in regular

position.

This kind of representation of singular points was studied in [SW91].

It turns out that the standard decomposition of singularities is a suitable

representation with respect to the problem of parameterization. It can be

shown that for the purpose of parameterization we may even drop the con

dition on p~to be irreducible. The price we pay is that two possibly different

(classes of) points (j3 , qi(13, y)) and (y, q~(y, y)) may collapse into a single one.

The Algorithm 1 on page 48 yields the standard decomposition of sin

gularities of a plane curve. In [SW91] and [MSW94J some of theoretical and

computational aspects were investigated. It was shown that the standard

decomposition is a suitable representation for parameterization. In [MSW94],

an estimate of the running time of the Algorithm 1 is given.

Theorem 2.1.1. Let LF :=~The worst case complexity of the algo

rithm SINGULARITY is O(n12(nlogn + Lp)2) where n = degF.

2.2 Structure of Singular points

In the previous section we considered singular points, some of their basic

properties and possible representations. Now we want to investigate them

in a greater detail.
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Consider a plane curve Ca given by

+ x2y2 — y2 — 2a2x2 + a4 (2.3)

where a is a free parameter. One can immediately see that there are two sin

gular points in the affine plane — (+a, 0). The Figure 2.1 shows the curve (2.3)

for a = ~. If we let a go to zero, then the two separate singularities ultimately

Figure 2.1: Curve C1
2

merge into a single one. See Figure 2.2 on the following page. In this case

we want to consider the origin as two singular points. The first being a real

double point on the curve, the second being another double point associ

ated with it. This leads to deep investigations of properties and structures

behind singular points. One of tried methods to approach this goal is the

expansion of neighborhood graphs. See e.g. [Wa150}. This method uses a

sequence of transformation to extract and collect informations used to com

pletely describe the structure of singular points. In the course of this process

the structure of singularities gets simplified. It will be shown later that by

this process a (possibly singular) curve C may be transformed into a bira
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Figure 2.2: Curve Co

tionally equivalent non-singular curve C’ called a non-singular model (see

Section 2.3). Tn the sequel, we give two descriptions of how to obtain the

non-singular model. One based on geometric properties of curves utilizing

quadratic transformation, and another one using ring theoretic properties

of the coordinate ring and its integral closure.

2.2.1 Quadratic Transformation

This section describes a classical method to study the structure of singular

points — the quadratic transformation. It enables us to reverse the process

sketched in Section 2.2 when two double point on a curve were merged into

a (seemingly) single double point. For a detailed treatment and proofs of

theorems in this section we refer to [Wa150].
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Definition 2.2.1. A regular map ~P: P2’ ~ P2 given by

x=Y’z,

Y=X’Z’ (2.4)

z = x’y’

is called a quadratic transformation of Pro jSpace2’ into P2.

The following properties of quadratic transformation are easily shown.

Proposition 2.2.2.

(i) Each point of P2’ except (0 : 0 : 1), (0 : 1 0) and (1 : 0 : 0) is transformed

by (2.4) into a unique point ofP2. The three exceptional points are called fun

damental points.

(ii) Any non-fundamental point on X = 0, Y = 0, and Z 0 is transformed into

(1 0 : 0), (0: 1 : 0), and (0: 0: 1), respectively. The lines X = 0, Y 0 and

Z = 0 are called exceptional lines.

The following proposition describes the action of quadratic transforma

tion on non-singular points not lying on exceptional lines.

Proposition 2.2.3. Let C be an irreducible plane curve given by a homogeneous

polynomial F(X, Y, Z), and let C’ = ~I’(C), C’ given by G(X’, Y’, Z’). With a finite

number of exceptions the points on C and C’ are in 1—1 correspondence.

Remark 2.2.4. The curve C’ = ‘F(C) is called the total transform of C.

Consider the projective closure C~ of C0 defined in (2.3). It is given by

x4 ÷ x2y2 — Y2Z2 (2.5)

There are two double points on C~ — (0 : 0: 1) and (0 : 1 : 0). The total trans

form of C~ is given by

y2~2 (Y2Z2 + — X4) (2.6)
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which contains two double lines Y2 and Z2. Later we will see that these ex

traneous factors always emerge originating from singular points. This fact

motivates the following definition.

Definition 2.2.5. Let C’ be the total transform of a projective curve C defined

by a homogeneous polynomial F. Let the defining polynomial of C’ be G,

and let F’ be such that G = yF’, F’ not divisible by any X, Y, or Z. Then the

curve defined by F’ is called the proper transform of C.

Applying the quadratic transformation to non-singular points yields

nothing interesting. Those points are in a 1—1 correspondence, and, as we

will see later, their basic invariants stay the same.

The quadratic transformation was designed to simplify the structure of

singular points in such a way that preimages of fundamental points under

T are in a 1—1 correspondence with intersections of C’ with exceptional lines.

The following theorem analyzes the action of quadratic transformation on

singular points lying on exceptional lines.

Theorem 2.2.6. Let C, C’, F, and F’ be as above. Let n = degF, X0 = X, X1 =

X2 = Z, X~ = X’, X~ = Y’, X~ = Z’. Assume that C has an r-fold point, r~ ≥ 0, at

the fundamental point X1 = Xk 0 (i, j, k all different), and no tangent at any of

these points being exceptional lines. Then thefollowing holds:

(i) The proper transform C’ of C has the line X1 = 0 as an r1-fold component.

Hence

degF’ = degF —

(ii) There is a 1—1 correspondence, preserving nuiltiplicities, between the tangents

to F at = Xk = 0 and the non-fundamental intersections ofC’ with X1 = 0.

(iii) The total tranform F’ has a multiplicity n — rj — rk at = X~ = 0, the tan

gents being distinct froni the exceptional lines and corresponding to the non-

fundamental intersections of C with X~ = 0.
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The theorem shows that the proper transform of a curve possibly ac

quires some new singular points arising from fundamental points on the

original curve. Even though quadratic transformations was meant to sim

plify the structure of singular points, it actually introduces some new ones.

This is the price for staying globally in the projective plane. This means, the

proper transform of a curve is still a projective plane curve, and the whole

process might be applied again.

Outside of exceptional lines, however, there is no change of multiplici

ties.

Theorem 2.2.7. An r-fold point on C not on an exceptional line is transformed

into an r-fold point on C’, and the tangents at these two points correspond in miil

tiplicities.

The following important theorem shows that quadratic transformations

lead to an extensive simplification of singular points.

Theorem 2.2.8. By a succession ofquadratic transformations any irreducible curve

can be transformed into one having only ordinary points.

The above theorem asserts the existence of a finite sequence of quadratic

transformations

p2 ~ _____ ... p2 (2.7)

such that for a given curve C the transform

‘I’k0~’k_10.”0’P1(C) (2.8)

has only ordinary points. Having arrived at a curve with only ordi

nary singularities, subsequent application of quadratic transformations will

not change the structure of singular points any more. Later, the concept

of quadratic transformation will be reformulated in local terms. It will be

shown that a curve with only ordinary multiple points may be transformed
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into a curve devoid singularities. The resulting curve will not be a plane

curve any more. However, we may fing a certain neighborhood in which it

is isomorphic to a plane curve.

The quadratic transformation is a regular map between projective spaces.

It is easily seen that the inverse of (2.4) is the mapping q, : P2 ~ p2’

x,=Yz

Y’=xz (2.9)

Z’zXY

It is clear that the quadratic transformation is a rational map between projec

tive spaces having a rational inverse. Hence, a curve C and its proper trans

form C’ are birationally equivalent. This important property will be used

later on in parametrization of curves.

2.2.2 Infinitely Near Points

In Section 2.2.1 we described the basic tool to study the structure of singular

points — quadratic transformations. Let us consider the action it performs on

a curve. For the sake of simplicity in this section we consider only curves in

affine space. This does not impose any restriction as all essential informa

tion — singular points — may be brought to the affine plane loosing only non-

singular points at infinity Since every curve has only finitely many points

at infinity, having the goal of parametrization in mind, we will see that this

loss will not affect solutions to this problem.

Let a curve C be given by an irreducible polynomial F Fr + F~4 + . + F~,

F1 a form of degree i, have a singular point at P of multiplicity r. Assume that

X is not a tangent to Cat P. By a change of coordinates we may move P to the

origin. It can be shown that there is an open affine set where the map (2.4)
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is given by

~j,:A2 —*A2
(2.10)

(X’, Y’) ~—* (X’, X’Z’)

The curve C in the (X, Y)-plane is transformed by (2.4) to a curve C’ such

that all points on C \ {P} are in an 1—1 correspondence with points on C’.

The polynomial F’ describing the transformed curve C’ is

F’ Fr(1,Z)+XFr+i(1,Z)+ ...+Xn_rF~(1,Z). (2.11)

Let Fr(X, Y) = fJ L1 be the factorization of Fr(X, Y) where L1 are linear forms

describing the tangent lines to C at P. The point P is transformed to a set of

points {P1, . . . ,Pr} where P~ = (0, a1), cx1 being a zero of Fr(1,Z). Precisely, if

we write L = Y — cx1X, the Y-coordinates of P1’s correspond to tangents to C

at P. The set ~i—1(P) {P1,. . . , Pr} is called thefirst neighborhood of P. Points

in the first neighborhood of P are called infinitely near to P. Points on C are

referred to as distinct. For a detailed treatment of neighborhood points we

refer to [Wa150, Abh9O].

Let us look at a curve C1 given by a polynomial

xy4 + xy5 + x2y3 + x5y2 — 19x2y5 — 53x3y4 + x5y + x5y5 +

+ 43x3y3 + x4y3 + 12x4y4 + 57x3y5 — 19x5y3

— 36 x4y5 + y5 +21 x5y4 — 15 x3y2 (2.12)

See Figure 2.3 on the next page. The curve C1 has two singular points in the

affine plane. One 4-fold point at (1, 1) and one 5-fold point at (0,0). Note

that there are yet two more singularities at infinity. The tangents to C1 at

(0, 0) are given by linear factors of the form of lowest degree in (2.12)

xy4 +x2y3 +x5 +y5 — 15x3y2

Applying ~1tí to C1 we obtain a new curve C~ such that there is a 1—1 corre

spondence between points of C1 and C~ except at P. We see that P = (0,0)
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1/
Figure 2.3: Curve C1

has more preimages under the map iv. The points P1 have coordinates (0, a)

where a is a root of the polynomial

y4+y3+1+y5—15y2

The picture of C~ is at Figure 2.4 on the facing page. The resulting curve C~

is again a plane curve given by the polynomial

y5x5 — 36y5x4 + 57y5x3 + 21y4x4 — 19y5x2 + 12y4x3 + y5x — 53y4x2

_19y3x3+y5+y3x2+y4+43y3x+y2x2÷y3_15y2-f-yx+1

We check that this curve has only one 4-fold point (1,1) which corre

sponds to the 4-fold point (1,1) on C. Otherwise there are no singularities

in the affine plane. After moving the point (1, 1) to the origin and applying

the quadratic transformation again we obtain a curve C’1’ devoid of multi

ple points in the affine plane. Note that there are still two singular points

at infinity which can be resolved in the same way after moving them to the

affine plane by an appropriate change of coordinates. Concentrating only to
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affine points we see that there are five non-singular points in the first neigh

borhood of (0,0) and four non-singular points in the first neighborhood of

(1, 1). As the quadratic transformation has no effect on non-singular points,

nothing essential will change by applying it to C’1’ again. We may depict the

structure of affine singular points and their neighborhoods. See Figure 2.5.

~ P2 P3 P4 P5 Q Q

Figure 2.5: Neighborhood graph of C1

In general, however, we will obtain more complicated pictures. Con

sider the curve C2 given by the polynomial y2 — x7 — x6. See Figure 2.6. This

Figure 2.4: Quadratic transform of C1

(0,0) (1,1)
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Figure 2.6: Curve C2

curve has only one affine singular point P at the origin. If we apply the

quadratic transformation to C2, the resulting curve C~ is given by the poly

nomial y2 — r5 — x4. In this case, the double point at the origin has one dou

ble point (0,0) in its first neighborhood, and the quadratic transformation

may be applied again yielding the curve C~ given by a polynomial y2 — —

x2. See Figure 2.7 on the facing page. This curve has already two distinct

tangents and after next application of quadratic transformation we will ob

tain two non-singular points in the first neighborhood of (0,0) on the curve

Ci’. The first neighborhood of a point Q from the first neighborhood of Q’ is

called the second neighborhood of Q’. By induction we define arbitrary neigh

borhoods. The neighborhood graph of C2 is depicted in the Figure 2.8.
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Figure 2.7: Curve C~

Neighborhood graphs provide an elementary mean to describe the struc

ture of singular points. First we determine all singular points on a curve.

Then we choose one of them, move it to a ftmdamental point and apply the

quadratic transformation. By repeating this process we obtain a sequence

of curves arising from the chain (2.7).

In this way, we obtain a sequence of curves

C Wk ~Vk1 ___ 1110k k—i ~... > 1 ~ 0=

where at each step we move one singular point to the origin and apply the

quadratic transformation. The Theorem 2.2.8 shows that this process termi

nates, and the curve Ck has only ordinary singular points.

The Algorithm 2 on page 49 (cf. [MSW94]) yields the resolution of a sin-
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~Qi

p p’ p’/

~\Q2

Figure 2.8: Neighborhood graph of C2

gle distinct singular point.

To obtain a complete description, this algorithm has to be called on all

singular points. See Algorithm 3 on page 49.

The above procedure to determine the structure of singular points has

been implemented in the Maple package CASA (see [MWW95J).

2.2.3 Chains of Neighboring Points

Neighborhood graphs described in previous sections yield a complete de

scription of the structure of singular points. Sometimes, however, this struc

ture turns out to be particularly simple. In other words, singular points may

“resist” quadratic transformation, i.e., it will not get resolved. This section

attempts to find some criteria which would give a good procedure to predict

whether and how long may a singular point withstand until it gets resolved.

Based on such prediction the quadratic transform may be modified in such

a way that just one application is necessary to resolve a point.

Singular points on plane curves may have arbitrarily complex structure.

Let us consider a curve C of degree n, and let P be a singular point on C of

multiplicity r. Then there is a natural restriction on the number and Ior mul

tiplicity of neighboring points to P. We have

rQ(rQ — 1) < (n — 1)(n — 2) (2.13)
2 — 2

The sum is taken over all points Q from arbitrary neighborhood of P. This is

the only restriction imposed on the structure of a singular point. The equa
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tion 2.13 determines a trade-off between the degree of the neighborhood

tree (the maximum number of points in a neighborhood) with root P and

its depth. The computational complexity of quadratic transformation heav

ily depends on both of these parameters (cf. [MSW94]). If the neighborhood

tree has a rather high degree, its depth has to be small, and only a few quad

ratic transforms are needed to resolve all singular points. On the other hand,

the opposite case reveals a substantial weakness of the quadratic transform

as a method for resolving singularities. An example of a curve which has

minimal degree of the neighborhood graph has been given in

the Section 2.2.2. We considered a curve of degree 7 given by the polyno

mial

— — x6.

The structure of the neighborhood tree is shown in Figure 2.8 on the preced

ing page. We may consider curves of higher degree with the same arrange

ment of consecutive neighborhoods. Let for any k ≥ 0 Dk be a plane curve

given by the polynomial

— x2k+1 —

In [MSW94J we have proved that Dk has only one affine double point which

will not get resolved until the last step. The depth of the tree is then k. The

Figure 2.9 shows the neighborhood tree with root at the origin. In order to

Figure 2.9: Neighborhood tree of Dk

resolve the origin completely, we have to perform k steps each involving
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one quadratic transformation. This example shows clearly a deficiency of

the quadratic transformation. Although the structure of the neighborhood

graph is very easy, it requires a lot of work to arrive at the final resolution

where the only double point splits into two non-singular points. This lack

of efficiency is magnified by the fact that in each step the degree of the defin

ing polynomial is almost doubled. Fortunately, in some cases we are able to

predict this behavior and by a slight change of the classical quadratic trans

formation we may considerably speed up the resolution process. The im

portant issue will be the prediction of such pathological cases.

Let C be a curve given by a polynomial F. Let us assume that C has a

purely non-ordinary r-fold point at the origin.

Definition 2.2.9. Let C and F be as above. Let F have the form F(X, Y) =

Fr(X, Y) + F~+1 (X, Y) +... where F~ is a form of degree i, F~ being non-zero.

The origin is called a purely non-ordinary r-fold point of C if Fr is a r-th power

of some linear polynomial.

Let us consider the quadratic transform F’ ofF. We want to derive a con

dition under which the point (0,0) will be again a r-fold point on F’, i.e. no

splitting in the neighborhood graph occurs.

We have

F(X, Y) = ~ f11X’YJ.
i+j≥r

By a change of coordinates we can make f~r ≠ 0. The proper quadratic trans

form of F is then

F’(X’,Y’) = ~ f~1Xi+)_ryJ.
i+j≥r

Assume that the origin is a purely non-ordinary r-fold point on F’. If we
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write F’(X’, Y’) = F,~(X’, Y’) + Fr’+i(X’, Y’) +... we get

F’(X’, Y’) = ~ fk+r_2j,jX~~~Y~ (2.14)
k j=O

= ~ f[~X”Y” (2.15)
i+j≥r

where ff1 = f~_~j+~1. Hence F~(X’, Y’) = ~=o fk+r_2J,JX’~’Y”, and Ft(X’, Y’) =

~o f2r_2j,jX’~~Y’. Obviously, Ft does not vanish identically since f~r ≠ 0.

As the origin is an r-fold point we have that all coefficients f2r_2j,j are zero

for 0 ≤ j < r. This situation is depicted in the Figure 2.10. The line l~ cor

Y

.

.

—

— —

~2 ~
. -. -4

r 2r ir sr X

Figure 2.10: Chains of neighborhood points

responds to monomials of degree r in F with non-zero coefficients. If the

origin is again a purely non-ordinary r-fold point on F’, previous reason

ing has shown that all coefficients at monomials under or on the line 12, on

which the coefficients f2r2j,j are lying, have to vanish except far. This ob

servation leads to the following proposition.

Proposition 2.2.10. Let s ≥ 1 be an integer such that

f11=Ofori+sj≤sr,j≠r. (2.16)

Then
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a) ~(x~_1, Y5_i) = X~F(X5_1, X~Y~_~) has an r-fold purely non-ordinary

singular point at the origin.

(ii) Thefirst neighborhood of the origin on ~ contains either at least two different

points or an r-fold purely non-singular point different from the origin.

Proof We have

= x~F(x5_1,x:z~Y5_1) (2.17)

— ~ ç i+(s—i)j—(s—l)r~j
— J’J s—i s—1

i+j≥r

Sincei+s(j—r) < i+(s—1)j—(s—1)r=i+(s—1)(j—r)<≤0,therighthand

side of 2.17 is a polynomial. Consider the form 1~ of degree k in P. We have

~ (2.19)

From (2.19) we have P,. = ~f5~_51,1X~YI_1 = f0rT~1.

The proof of the second assertion is trivial.

The proposition yields a criterion to decide how long an r-fold purely

non-ordinary point will not be resolved by quadratic transformation. The

importance of the Proposition 2.2.10 lies in the fact that we are able to make

an a priori decision on the length of the path in the neighborhood graph

along which no splitting occurs. Starting from a given polynomial F(X, Y) =

Ej+j≥r f11X~YI we find the largest s such that (2.16) is satisfied. Then we may

apply the extended quadratic transformation defined by

x=x,
(2.20)

We obtain a polynomial

F’(X’, Y’) = XI~5~TF(XI, X’~~1~Y’) (2.21)
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called the (s — 1)-st proper quadratic transform of F. The Proposition 2.2.10 im

plies that this transform has an r-fold purely non-ordinary point at the ori

gin. However, the first neighborhood of the origin on F’ may already con

tain more than one point.

Let us assume that a curve C has a chain of r-fold purely non-ordinary

points in its neighborhood graph. In the case when these points are located

at the origin, the Proposition 2.2.10 yield a condition to recognize at least a

part of the chain a priori. Let s be the maximal integer satisfying the con

dition (2.16), and F’ the s — 1-st quadratic transform of the polynomial F

defining C. The first neighborhood of the origin on F’ may contain accord

ing Proposition 2.2.10 either at least two points, in which case a split occurs,

or again an r-fold purely non-ordinary point different from the origin. We

will focus on the recognition of the latter case since then the quadratic trans

formation may be speed up by (2.20). Let

F’(X’,Y’) = ~ f~X’~Y”.
i+j≥r

Let us find a condition for the first neighborhood of the origin on F’ to con

tain again an r-fold purely non-ordinary point P’ different from the origin.

Let P’ = (0, a), a E Q. Let the quadratic transform of F’ be

F”(X”, Y”) = ~,

i+j≥O

where f”~~ = f’i—j+r,j~ If F”(X”, Y”) has an purely non-ordinary r-fold point

at P in the first neighborhood of the origin on F’, we may derive necessary

conditions on the coefficients f”~1. The form F”r(O, Y”) is a perfect power, i.e.

F”~(0, Y”) = ~df”ojY” = (Y” —

Using the binomial theorem we obtain

(~) ar_i, for 0 ≤ j ≤ r. (2.22)
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Especially

a = ~ (2.23)

Moreover, the following equation is satisfied

= a1~~t4. (2.24)
O,j+1 I

In particular, from (2.22) we have that all coefficients

f”01≠O,0≤j≤r. (2.25)

Since f”,1 = f’j_ j+r j’ from (2.25) we obtain

f’r—j,j ≠ 0, 0 ≤ j ≤ r. (2.26)

The condition 2.19 yields a decision whether the (s — 1)-st quadratic trans

form has again an r-fold purely non-ordinary point in the first neighbor

hood of the origin. Hence, we have proved

Proposition 2.2.11. Let

F’(X’,Y’) = ~, f[1X”Y”.
i+j≥r

Then thefirst neighborhood of P = (0,0) on F’ consists of a single point Q = (0, a),

we Q,~fand only if

f’~—1,1 =al_-t_~

f r—j+1,j+1 r — j

If a purely non-ordinary r-fold point on F” in the first neighborhood of

the origin has been detected, using the transformation

X = (2.27)

(2.28)

the singularity is moved to the origin and the Proposition 2.2.10 maybe used

to detect another chain.
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To sum up, in this section we derived some criteria to determine long

non-branching chains in neighborhood graphs. Points in those chains with

stand the quadratic transformation which has to be applied many times to

achieve a split. This redundantly explodes the degree of the defining poly

nomial. Even though some of these pathological cases may be predicted

and a modification of the classical quadratic transformation will partially

compensate its weakness this section stresses the one of the main problems

of the quadratic transformation — its inability to exploit the structures inher

ent to the problem.

2.3 Desingularization of Curves

The quadratic transformation may be used, starting with an arbitrary plane

projective curve without multiple components, to obtain a curve without

non-ordinary singular points. The Theorem 2.2.6 shows that each quadra

tic transformation introduces new singularities arising from fundamental

points. The advantage of this approach lies in the fact that the transform

stays in the same space as the original curve. If we admit the transformed

curve to lie in a different space, is is possible to resolve the singularities com

pletely, i.e. to find a birationally equivalent curve devoid multiple points.

The price paid for this extension is that the transformed curve does not stay

in the same space. However, focusing only on a certain neigborhood of a

curve it will be shown that the transform of a plane curve is again a plane

curve.

In the sequel we give a description of blowing up a point in an affine

plane which plays a central role in the desingularization of curves. This con

cept will be expressed in two different languages. The geometric approach

uses the restriction of the quadratic transformation to an affine plane. An

other approach is based on commutative algebra. The latter belongs to mod-
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em algebraic geometry opening new views to known phenomena provid

ing us with better means to study underlying structures.

2.3.1 Blowing Up a Point — Geometric Description

Since the properties we want to study are all local, we will confine ourselves

to points in an affine plane. Let P be a point in A2. We may assume, by a

change of coordinates, P = (0,0). Let U = {(x, y) e A2 I x ≠ 0}. Consider the

regular map

a’ : U —÷ U x A’

(x,y) i—* (x,y,y/x).

LetBbetheclosure of a’ (U) mA3. ThenB = {(x,y,z)E A3 Ixz—y = 0}. Since

XZ — Y is irreducible, B is a variety.

Definition 2.3.1. The map a: B —* A2 defined by the restriction of the pro

jection A3 —* A~ given by (x, y, z) —÷ (x, y) to B is called the blowup of A2 with

the center at P.

The map a is a most representative example of a birational equivalence.

The open subset a’(U) c B is isomorphically mapped onto U c A2. The

only interesting points of B are preimages of P under a. The set E = a1 (P) =

{(0, 0, z)Iz E k} is called the exceptional variety.

Let q, : A2 —* B be defined by q~(x, z) = (x, xz, z). Then q is an isomorphism

of A2 onto B. The inverse map is given by the projection ir: B —* A2 taking

(x, y, z) e B to (x, z) E A2. The composition of p and a is a birational equiv

alence of affine planes

~I=qo7r:A2—*A2 (2.29)

(x,z) ‘—* (x,xz). (2.30)

Let us consider an irreducible plane curve C c A2 given by a polynomial

f e k[X, Y], and a point P on C. For the sake of simplicit~ assume P = (0,0)
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and X is not a tangent to C at P. We are going to study the preimage of C

in A2 under the action of the map ~r. For this, let C0 = C m U, Cb =

and C’ the closure of C~ in A2. Then i~ restricted to C’ is a birational map of

C’ to C. In particular, i~(C’) is dense in C, hence the coordinate ring k[C] can

be viewed as a subring of k[C’]. Let the lower case letters x, y, z denote the

images of variables X, Y, Z in the corresponding coordinate rings.

The following theorems describe the most important properties of C’.

The proofs are easy, and may be found in [Fu189].

Theorem 2.3.2. Let C be a plane irreducible curve given by a polynomial F(X, Y),

and P = (0,0) a point on C. Let C’ be as above, and let the restriction of ‘i’ to C’ be

denoted by the same symbol. The polynomial f may be written as F = Fr + Fr+i +

+ F~, r ≥ 0, 1~ aform of degree i (P is a r-fold point on C). Then it holds:

(i) C’ is given by the polynomial F’ = Fr(1, Z) + XFr+i(1, Z) + .. . + X’~TF~(1, Z).

(ii) ~ji1(P) = {Pi,...,P5},wherePj = (0,aj),Fr(1,aj) =0.

2.3.2 Blowing Up a Point — Algebraic Description

In this section we describe the process of blowing up by algebraic means.

We merely reformulate the principles of the previous section within com

mutative algebra. However, we will see that by using an algebraic language

more structure of objects is revealed. All principles may be formulated co

ordinate-free making it easier to concentrate on essential properties.

Instead of polynomials defining curves C and C’ we use their coordinate

rings k[C] and k[C’], respectively. Let P = (0,0) be a point on C. The local ring

Op(C) of P thoroughly describes the point P. it has a unique maximal ideal

m = mp consisting of functions regular at P which vanish there.

First, we describe the process of blowing up a point of the affine plane

A2. Similarly as in the previous section we start with a point P = (0,0) e A2

given by a maximal ideal m = (x, y) c k[A2] (x and y being functions of k[A2 I
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given by polynomials X and Y, respectively). Let B be as in the previous sec

tion and k[BJ its associated coordinate ring. The projection map ir: B —÷ A2

defined by q(x, y, z) = (x, y) is regular on B and induces an embedding

k[A2] —÷ k[B].

The blowup of a variety at a point is a process of an inherently local nature.

Hence, we narrow the view to a certain neighborhood U of P, and replace

the coordinate ring of the whole affine plane by the local ring Op(A2). The

above map may be extended to the embedding

k[A21m —+ k[B]m.

The local ring k[B]m may be regarded as k[A2}~1[z] where z satisfies zx = y.

Finally, we arrive at an algebraic description of the blowup of an affine plane

A2 at a point P given by a maximal ideal m:

Op(A2) —* Op(A2)[tnx1}. (2.31)

The injection (2.31) is the algebraic analog of the map a from the Defini

tion 2.3.1.

We have seen that the blowup of the affine space A2 at P is given by the

ring R’ = Op(A2)[mx11 which is isomorphic to the localization of k[B] at m.

Using the embedding (2.31), we identify elements of Op(A2) with their im

ages in R’.

After having worked out the theory for an affine plane, we use these re

sults to establish the algebraic counterpart of the Theorem 2.3.2.

Theorem 2.3.3. Let C be an irreducible plane curve given by a polynomial F e

k[X, Y] and F’ its proper quadratic transform. Assume that X is not a tangent to

CatP. Then

(Op(A2)/(F’))[Z] Op(C)[rnx1] (2.32)

where ZX — Y =0.
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Proof The surjective map

~c: Op(A2)[ZJ —* Op(C)[zJ, (2.33)

where ZX — Y = 0 and zx — y 0, takes g(X, Z) to g(x, z) (the elements

of Op(A2)[ZJ are polynomials g(X, Y, Z) which may be viewed as bivari

ate polynomials in X and Z). We show that Kery = F’(X, Z). Let r be

the multiplicity of C at P. and F(X,XZ) = XrFI(X,Z). Now 0 = F(x,y) =

F(x, xz) = xTFI(x, z). Since x ≠ 0 we conclude F’(x, z) = 0, and F’ e Ker y.

Let now g(X, Z)/h(X, XZ) e Kery. Then g(x, z) = 0. Let p be such that

XPg(X, Z) = u(X, XZ) = u(X, Y) where X does not divide u. Since u(x, z) =

0, F(X,Y)Iu(X,Y). Let u(X,Y) = F(X,XZ)t(X,XZ). Then XPg(X,Z) =

u(X, XZ) = X~F’(X, Z)t(X, XZ), and hence F’(X, Z) divides g(X, Z).

El

The last theorem completed the algebraic description of the proper quad

ratic transform of an irreducible plane curve. Finally, we want to find neigh

boring points on the transform C’ givenbyR’ = Op(C)[mx’J = Op(C)[z] where

xz — y 0. The neighboring points are zeros of elements of the ideal (x)R’.

Consider the factor ring (P = R’/(x)R’. The image of F’ = H(Z) + XU(X, Z)

(X { 1J(X, Z)) in (P is 14(z). The ring (P is a semi-local ring where maximal

ideals describe neighboring points on C’. We see that they are given by ide

als (Z — aj)(P where H(Z) = fJ(Z — a~). If a neighboring point P1 is singular,

we may localize R’ at the ideal (z — ajR’ which corresponds to P1. We arrive

at a local ring and may repeat the procedure.

We proceed to explore a relationship between R = Op(C) and R’.

Proposition 2.3.4. Let P, C, F be as above. There is an affine neighborhood W ofP

on C such that W’ = a1(W) is an affine open subvariety of C’, a(W’) = W, k[W’J

is integral over k[WJ, and xT_lk[WI] c k[W}.

Proof Let F = Ei+j≥r a~1X~YJ. Consider the neighborhood of P defined by

the image h of H(Y) = Y_rF(O,Y) = ~j≥raojYi_r in k[C]. We set W = {Q e
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Cjh(Q) ≠O}. Since Xis not a tangent toC atP, H(O,O) = land P e W. Then

WI := a1(W) is affine neighborhood on C’ containing all points in the first

neighborhood of P.

To prove that k[W’j = k[W][z} is integral over k[W], observe that

F’(x,z) = ~ajJxl+J_1zi =~ (2.34)

The leading coefficient of this polynomial is h which does not vanish at any

point of W’. Hence h is a unit in k[W’], and 2.34 yields the desired inte

gral dependence of z on k[W]. The last assertion follows from the fact that

~ =xr~l * ~ =xr_i_lyiforO≤i≤r_ 1. LI

Corollary 2.3.5. Let S be afinite set of points in A2. The neighborhood W in the

Proposition 2.3.4 may be chosen such that is does not contain any pointfrom S.

Proof For any Q e S consider a line LQ passing through Q and not through

any other point of S. Then replace h in the proposition by h fJQ€s LQ. LI

The relations between the original curve C and their proper quadratic

transform C’ are reflected in local rings of points. Since the blowup is an

isomorphism everywhere except P, local rings OQ(C’) of points Q e C’ dif

ferent from any P1 (F~ e o~1(P)) are isomorphic to the corresponding local

rings 0Q(Q) (C) on C. The differences are concentrated to local rings of points

on C’ lying above P. If g = e Op(C), then obviously g is regular at all P~ on

C’ lying above P. Hence we have an embedding

Op(C)c~~* fl 0p1(C’).
P1E u~’(P)

The Proposition 2.3.4 on the preceding page allows us to describe this rela

tionship precisely.

Corollary 2.3.6.

fl 0p1(C’) is integral over Op(C). (2.35)
P,~ ~1(P)
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Proof Letg E flp~~-’(p) O~(C’), i.e. g is regular at all P~’s. Let ~.P be the set of

poles of g on C’. This set is algebraic, and hence finite. We may thus find a

neighborhood W of P on C such that W’ does not contain any pole of g, i.e.

g e k[W’]. This means that g is integral over k[WJ, and hence over Op(W)

since Op(C) D k[W]. The fact Op(W) = Op(C) concludes the proof. E
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SINGULARITY(C)

Input: F E k[Y, Y] - defining polynomial of a plane curve C of

degree n in regular position having no multiple components

Output: standard decomposition of singularities of C

1.

2. B14—f

3. ~— gcd(res~2(f, ~-), res~2(f, ax2))

4. B1 ~. gcd(~1,~)

5. for i ≥ 2 while deg(B,_1) > 0 do

6. B~ ~— gcd(res~2(f, ~ . . . , res~2(f, ~~))

7. B~ < gcd(B1,~)

8. A~14-~’

9. if deg(A~_1) > 0 then

10. qj_1(x2) ~- — p1_1(x1) =

subres1 (f(xi, x2), ~-(x1, x2), x2) mod A~_1(x1)

11. ~ ~— {(a, p1_1(a), 1~)}A1_1(a)=O

12. determine the expanded neighboring graph

13. —~Tu9~1

14. end

15. i~—i+1

16. end

17. return ~T

Algorithm 1:
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NEIGHBORHOOD TREE(P)

Input: A singular point P of a curve

Output: Neighborhood tree rooted in P

1. determine a change of coordinates T1 moving the projec

tive point (0 : 0: 1) to P;

2. determine a change of coordinates T2 such that F’ F o

T1 o T2 contains (0 : 0: 1) but none of (1 : 0 : 0), (0: 1 : 0)

and such that no axis is tangent at (0 : 0: 1) to F’;

3. perform the quadratic transformation on F’ centered at

(0 : 0: 1) yielding a new curve F”;

4. compute the set S of singularities on F” n V(Z);

5. foraliRe Sdo

6. call NEIGHBORHOOD TREE recursively on R;

end

Algorithm 2:

NEIGHBORHOOD GRAPH(C)

Input: A projective plane curve C having no multiple com

ponents

Output: Neighborhood graph of C

1. determine the set S of all singular points of C

2. for aliQe Sdo

3. NEIGHBORHOOD TREE(Q)

end

Algorithm 3:
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Chapter 3

Parametrization of Plane

Curves

Algebraic sets may be represented in many different ways. Practice shows

that each representation is suitable for solving different types of problems.

Usually, only some (problem related) information is made easily accessi

ble by each representation. In general, it is required that no essential infor

mation, even though possibly not relevant to the problem under consider

ation, must be lost when converting from one representation to some other.

If necessary, hidden information may be recomputed. In this chapter, we

will study two different kinds of representations of algebraic sets given by

mappings between varieties.

The isomorphism is the most complete algebraic correspondence between

varieties. It provides not only a 1—i mapping of points on varieties, but it re

tains even their complete structure. Let us consider two different represen

tations of the two-dimensional unit circle S2 in the plane A2. It is determined

by the set of all solutions of

x2+y2—1=O (3.1)

in a certain field k. An isomorphic set of points S2’ is described by the inter

51
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section of a unit sphere and the xy-plane in A3

x2+y2+z2—1=0 z=0. (3.2)

The two sets (3.1) and (3.2) are isomorphic, the isomorphism is given by the

map : (x, y) i—* (x, y, 0). Each point on 52 corresponds to a unique point on S2

and vice versa. Now, the variety given by equation (3.2) may be represented

as the image of S2 ~ A2 under the mapping t.

Sometimes it is sufficient to give a description of algebraic sets which

retains only some easily accessible properties most important for a partic

ular problem. The result is a simplified model stripped of all unnecessary

information. Let us return to the circle from above. The functions

2t
x(t) = ~2 + 1

— 1 (3.3)
y(t)= ~

define a map from A’ to S2 which yields for almost all values of parame

ter t a point on S2. Thus we may consider S2 to be represented as the im

age of the affine line under the map given by equations (3.3). However, the

point (0, 1) e S2 is not in the image of this map. It is approached asymptot

ically from right for values t —~ oc and from left for values t —* —oo~ If we

used the projective line P’ instead of the affine one, we would get the point

(0,1) too. We see, the map (3.3) is an isomorphism of the set A’ \ {0} and

the open affine subset of points of S2 with non-zero x-coordinate. Such cor

respondence is called birational isomorphism (cf. Definition 1.1.19). This

chapter is devoted to the problem of finding birational maps between an

affine line and arbitrary plane curves. This kind of maps does not preserve

all points, but the 1—1 correspondence is restricted only to affine open sub

sets (cf. Proposition 1.2.18). In the case of curves, a 1—1 correspondence for

all but finitely many points is obtained.
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If we expand functions x(t) and y(t) into power series, we get

x(t) = 2 t — 2 t3 + 2 t5 — 2 t7 + 2 t9 + 0(t’°)
(3.4)

y(t) = —1 +2t2 — 2t4 +2t6 — 2t8 + 0(t10)

These functions satisfy the equation

(x(t))2 + (y(t))2 = 1

identically as well as equations (3.3) do. Hence, (3.4) may be viewed as an

other way of representing the circle using transformations defined by power

series. However, the series (3.4) are convergent only for It <1 which corre

sponds to the lower half of the circle. We may overcome this deficiency by

giving other pairs of series such that they together cover the whole circle.

Yet another representation of the circle is given by Puiseux series

x(t) = t

~2 6 5t8 7t’°
~ (35)

This type of series plays an important role in the study of structure of sin

gular points on curves.

So far, we presented some possibilities to represent one dimensional al

gebraic sets in a plane. The first representation — implicit — is usually the

starting point in solving different problems. It evolves in the process of sat

isfying constraints given by polynomial equations. The implicit represen

tation allows us to give a quick answer to questions like

Is a given point on/below/above an algebraic set?

The spots where singular points are lying may be “quickly” located using

implicit representation. On the other hand, it does not provide an easy ac

cess to information suitable to find points in an algebraic set. Except the
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intersections of the circle with axes it is not clear how to determine other

points lying on it. This question is easily answered having the parametric

representation of an algebraic set, i.e. a birational map from the affine space

to the algebraic set. In the example above we may evaluate the functions 3.3

for an arbitrary argument, and obtain a point on S2 (there are only finitely

many bad choices of t). The parametric representation of algebraic sets al

lows us to decide easily questions like

Find points on an algebraic set.

In contrast, it is not easy to see how to determine e.g. singular points of an

algebraic set given in parametric representation. The representation by se

ries bears a lot of easily accessible information about in their coefficients and

exponents. A set of series centered at a singular point of a curve describe all

branches and provides complete structure of the singularity;

3.1 Overview of Parametrization

In this section we give a short overview over major steps of parametrization

of curves.

Let us consider the curve in Figure 2.7 on page 33 given by the polyno

mial y2 — x3 — x2. We intersect it with a line

y — tx

passing through the origin, and look for intersection points different from

(0,0). See Figure 3.1 on the facing page. The number of intersections of

plane curves is stated in the following theorem.

Theorem 3.1.1 (Bezout). Let C and D be two projective plane curves without com

mon components defined over an algebraically closed field k. Let C be given by a
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form ofdegree m and D by aform ofdegree n, and let I~(C, D) denote the intersec

tion multiplicity of C and D at the point P (distinct or infinitely near). Then

~ Ip(C,D)mn (3.6)
PeC~D

where P runs over all intersection (distinct or infinitely near) points of C and D.

Bezout’s Theorem applied to the above example guarantees the existence

of exactly one additional intersection point P. For almost all values of pa

rameter t this points will be different from (0,0). Its coordinates are given

by P(t) (t2 — 1, t(t~ — 1)). This construction yields immediately a birational

correspondence between the curve y2 — x3 — x2 and the affine line A1. The

process applied in the example may be easily generalized to determine para

metric equations of arbitrary plane curves (if possible at all).

After we have seen some examples, we give a precise formulation of

the goal of parametrization, and a brief overview of major steps in this pro

cess. Details will be worked out later in this chapter. The reader may con

sult [AB88a, SW91, Wa150].

Figure 3.1:
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Let C be a projective absolutely irreducible plane curve, i.e. irreducible

over the algebraic closure of k, given by a homogeneous polynomial

F(X, Y, Z) e k[X, Y, ZJ of degree n. The field k is supposed to be algebraically

closed of characteristic zero. However, parametrization algorithms never

use this assumption in its entirety. Extensions of k are constructed only

when there is a need to represent algebraic sets which either do not have

any description over k or their description would require factorization. The

whole process of parametrization is performed in k or in a finite extension

of it.

Definition 3.1.2. Let C be a curve as above. Then C is called k-parametrizable

(or k-rational) if there is an isomorphism ~r* : k(C) —* k(t) where k(t) is the field

of rational functions in t. If no confusion may arise, the reference to the

ground field is skipped. A parametrization of C is a birational map

F’ —* C

induced by ,r*

Remark 3.1.3. A birational map between P1 and C gives raise to an isomor

phism between open sets (cf. Proposition 1.2.18). Since projective curves

have only finitely many points at infinity we may find a transformation such

that all singular points are lying in the affine plane. After passing from the

projective to the affine space only finitely many (non-singular) points are

lost. Due to the Proposition 1.2.18 this does not cause any problems con

cerning parametrization. In order to keep the description simple, we often

deal only with an affine part of C.

The first question which arises is whether a parametrization of a given

curve exists at all.

Definition 3.1.4. Let C be an irreducible plane projective curve given by a
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form F of degree n. The number

— (n — 1)(n — 2) mp(C)(mp(C) — 1) 3 7
2 2 (.)

where P runs over all (distinct of infinitely near) singularities of C, is called

genus of C.

Theorem 3.1.5. An irreducible curve is pararnetrizable ~f and only if its genus is

zero.

Proof See [Wa150].

This theorem provides a necessary and sufficient condition to decide

whether a curve is parametrizable or not. At the moment, the author is not

aware of any other efficient algorithmic decision procedure for this prob

lem. It will be shown later that the ingredients necessary to apply the pre

vious theorem to decide the rationality are hard to compute. In other words,

if we have all distinct and infinitely near singular points of C with their mul

tiplicities, it is then rather easy to compute the parametrization. From this

point of view, the theorem is not very suitable as a decision procedure as

the saving gained by stopping the parametrization algorithm due to the fact

that no parametrization exists is in many cases relatively small compared to

the time spent on trying to compute a parametrization itself and failing. We

are not aware of any deterministic procedure to decide the rationality of a

curve without actually computing the genus.

A.B. Sørensen ([Sør9l]) developed a heuristic algorithm to decide the ra

tionality of a curve based on counting the number of points over finite fields

(see Algorithm 4 on the next page). This approach utilizes the fact that for

curves of genus 0 the exact number of points over a finite field is known.

Let Fq denote a finite field with q elements, q being a prime power, and

N~, the number of lFqrn -rational points on a curve X.
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Proposition 3.1.6. Let X be a non-singuar curve of genus 0. Then

N~,1 1 + qm

This proposition may be used as a decision procedure to recognize ra

tionality of a curve.

RATIONAL(C)

Input: A curve C defined over Fq and a bound B ≥ 1

Output: Is C rational?

1. determine the number N~ of of non-singular points

on Cover Fq and a bound 8~ on IN1 — N~I

2. if IN~ — (1 + q)~ > 61 then return “Not rational”

3. i+—1

4. whileJN7_(1+qi)~>8~andj<Bdo

5. i+—i+1

6. compute N7 and a bound 3~ on IN~ — N7I
7. if 1N7 — (1 + q1)~> 6~ then return “Not rational”

8. end

9. return “Probably rational”

Algorithm 4:

To recognize a curve of genus 0 using Algorithm 4 is rather difficult, it

requires availability of some bound B, and is not worked out in full detail

yet. Nevertheless, this approach could prove to be a good starting point to

attack the problem of efficient decision procedure for rationality without ac

tually computing the genus. Despite of this fact, the Theorem 3.1.5 provides

a feasible algorithmic decision procedure. From now on, whenever a curve

is to be parametrized, it is supposed that a parametrization exists.

Recalling the example from the beginning of this section we may sketch

main steps in the process of determining a parametrization of a plane curve.

The parametrization is supposed to exist. In the first step we found some
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distinguished points on the curve — the singular points. In general, it will

not suffice to compute only distinct singular points, it will be necessary to

determine the whole neighborhood graph of the curve. In the next step, a

generic line L~ was passed through the double point at the origin. In general,

we set up a generic system of curves with undetermined coefficients and

force it through all singular points of the curve. This lowers the dimension

of the system causing some coefficients to get fixed values. In the example,

the line had exactly one intersection point with the given curve depending

on the only free parameter t of the line L~. In general, the dimension of the

system after specialization of parameters will be greater than one. It will be

necessary to find some additional points to decrease the dimension to one.

Finally, determining the only intersection of the system and the curve yields

a parametrization. This process is summarized in Algorithm 5.

PARAMETRIZATION(C)

Input: plane irreducible curve C

Output: parametrization of C

1. Determine complete structure of singular points of C

2. Set up a generic system H of curves

3. Pass H through all singularities with prescribed mul

tiplicity

4. Pass the system H through additional points to lower

its dimension to 1

5. Determine the only intersection of H and C depend

ing on the only free parameter of H

Algorithm 5: Parametrization — sketch

Basically, the Algorithm 5 consists of two major tasks. First, description

of the structure of singular points is computed, and, second, a system of

curves is passed through certain points in such a way that it finally contains
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only a single undetermined coefficient. A more detailed description of this

traditional method will be given in Section 3.4.

3.2 Resolution of Singularities, Adjoint Curves

In the first step of Algorithm 5 on the page before the structure of singu

lar points is determined. The Section 2.3 describes two basic ways to obtain

the full description of singular points of a curve. Using geometric methods

(quadratic transformation), the resulting data structure is a tree of (distinct

and infinitely near) singular points associated with their multiplicities. The

algebraic approach, on the other hand, yields the integral closure of the co

ordinate ring of the curve as a finite module. This structure contains de

scription of all singular points. We show, how either of the two structures

above, the neighborhood graph and the integral closure of the coordinate

ring, can be used to determine the system of adjoint curves which is the main

goal of the first part of the parametrization algorithm. This construction ap

pears in many algorithms in algebraic geometry, number and coding theory,

and in other fields of mathematics, and is of interest on its own.

3.2.1 Geometric Methods

Let us assume, for the given curve C, the neighborhood graph has been com

puted (see Section 2.1.2). We present how to determine the system of adjoint

curves to C based on the neighborhood graph. For detailed description of

this approach we refer to [AB88a, 5W91].

Consider the example at the beginning of Section 3.1. In order to para

metrize the curve y2 — x3 — x2, we passed a line through the origin. This

choice of reference point was not accidental. If we had passed it through any

other (non-singular) point Q, we would have obtained two intersections of

L~ and the curve C~’ instead of a single one.
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In general, instead of a line, a system Ha = ~h~fkX’YIZ”~ (h~Jk undeter

mined coefficients) of curves of degree a is passed though all singular points

(distinct an infinitely near) with prescribed multiplicity. In the subsequent

step in the parametrization algorithm, Ha (with some coefficients already

fixed) is forced to pass though a certain number of additional points to de

crease the dimension of Ha to one. A good choice of the degree a may greatly

simplify the search for these points. In this section, the degree a is kept un

determined. At the end we discuss some possibilities for the value of a and

its impact on the number of additional points which have to be chosen.

Now, we proceed to set up the system of adjoint curves. Assume, the

curve C to be parametrized is given by a form of degree n. Let

Ha = H { ~ hjjkXiYiZ~c I hjp~ e k}. (3.8)
i+j+k=a

Curves of fixed degree may be considered as points in certain projective

space. In particular, concerning the coefficients (ha~~, . . . , h~) of Ha defin

ing a projective point we see that there is a bijective mapping between Ha

and p~a(a+3) If an arbitrary coefficient h~0J0k0 is set to a fixed value, the cor

responding subspace of p~3) is linear (defined by hio joko = 0).

Let us consider a slightly more general situation. Let P1,. . . , P1 e p2, and

r1 be non-negative integers. Let

Va(T1P1,...,T1P1)

{ projective curves D of degree a such that mp,(D) ≥ r~, i = 1, . . . , l}.

It is important to be able to determine the dimension of such a system. The

following theorem provides a very complete answer to this question.

Theorem 3.2.1.

1
(i) Va(riPi, . . .,rjP1) isa lznearsubspaceofP2t~t~3),

dim Va(riPi,. . . ,r1P~) ≥ d(d÷3) — I r~(r~+l) (3.9)
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(ii) If a ≥ (~~) — 1, then

dim Va(riPi, . . .,r1P1) = d(d+ 3) — r~(r~÷ 1) (3.10)

Proof See [Fu1891, Chap. IV~. §2. El

The geometric approach outlined in this section starts from the system

HaVa(OP1,...,OP1).

In the course of computation its dimension is successively decreased forc

ing it to have a maximal number of a priori determined intersections with

the original curve C. According to the Theorem 3.2.1, every r-fold point, Ha

is forced through, drops its dimension by ~ Singular points is a suitable

choice for such points. The reason for this is that they appear on the curve al

ways in whole classes. If a singular point is given by (p(a), q(a), r(a)) where

a defines an extension of k, all elements of this class are lying on the curve.

Forcing Ha trough such class of points does not introduce any algebraic ex

tensions. All computations may be performed in the ground field using gcd

computations and resultants. This fact motivates the following definition.

Definition 3.2.2. Let C be an irreducible plane curve. Let P be a singular

point (distinct or infinitely near) of C of multiplicity mp(C). A curve D is

called an adjoint curve to C at P if

mp(D) ≥ mp(C) — 1. (3.11)

The set of curves which are adjoint to C at P is denoted by Adj~(C). If (3.11)

holds for all singular points P on C (distinct or infinitely near), and hence

for all P. D is called an adjoint curve to C. The set of adjoint curves to C is

denoted by Adj(C).

Let us now consider

Va((mp1(C) 1)P1,...,(mp1(C)—1)P1)fora≥n—2 (3.12)
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where P,’s are singular points of C. Any curve in (3.12) is an adjoint curve

to C. The previous theorem shows that for a ≥ n — 2

dim Va((mp1 (C) — 1)P1, . . . , (mp1 (C) — 1)P1)

≥ ~a(a+3) — mp1(C)(mp1(C) —1)

=~a(a+3)— (n—lXn—2)

=n(a—n+3)—3≥O.

On the other hand, by Bezout’s Theorem, Ha and C have an intersections

(properly counted). This number includes

~Ip(C,Ha) ≥ ~mp(C)(mp(C) — 1) (3.13)
P P

intersections at singular points I?1, . . . , P1 of C. The above inequality is strict

if and only if Ha and C have common tangents at some P. However, there

are only finitely many singular points and at each point only finitely many

tangents exist, for almost all choices of (yet) free parameters the equality

in 3.13 holds. If n ≥ 3, there must be other intersection points different from

P1,. . . , P1, Na in number, say. Bezout’s Theorem yields

Na = an — ~mp(C)(mp(C) — 1) = an — (n — 1)(n — 2) (3.14)
P

for almost any choice of free parameters in Ha. Moreover, Theorem 3.2.1 im

plies

dimHa ~a(a 3) ~ mp1(C)(rnp1(C) —1) (3.15)

For, if a ≥ n — 2, we have

a(a+1)≥(n—1)(n—2). (3.16)

On the other hand, if a < (~p mp(C)) — 1, then using the Cauchy inequality
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we obtain

a(a +1) < (~mp(C) — 1)(~mp(C)) (~mp(C))2 — ~mp(C)
P p p p

≤ ~(mp(C))~ — ~mp(C) ~mp(C)(mp(C) — 1) (n — 1)(n — 2)
p P P

(3.17)

which contradicts to (3.16).

Let k ≥ —2. If we set a = n + k, we obtain

dimHa = (k + 3)n + ~(k2 + 3k —2) (3.18)

Na(k+3)fl2. (3.19)

In particular, for a E {n — 2, n — 1}, we have dim Ha = Na.

At this moment, there is no preference for the value of a. However, we

will see later that the choice may have an enormous impact on the complex

ity of subsequent steps. Some possibilities of choosing a will be discussed

in Section 3.3.

Example 3.2.3. Let C be a projective curve defined by the polynomial

- - x3 - x2~ + x2z

See Figure 3.2 on the facing page. The curve C has only one ordinary singu

lar point at the origin. Obviously, the system of adjoint curves consists of

all curves passing through (0,0)

~ h~X~YJZ’~
i+j+k≥1

where h~Jk E k.

The approach to compute adjoint curves presented in this section uses

only elementary polynomial arithmetic. This fact makes it easy to imple

ment. Polynomials are treated here just as lists of coefficients and their ex

ponents. This naive view makes this approach computationally rather sim

ple, but hard to keep it efficient. One of main problems is the strong de

pendence on coordinate changes which may cause a dramatic speed-up on
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the one side, but also unnecessary complications introduced into, in their

nature possibly easy, problems (see discussion at the end of Section 2.2.3)

on the other side. Another inconvenience arises from the fact that only ad-

joint curves of a fixed degree are obtained. It is not obvious to see how to

reuse already computed adjoint curves to construct other ones with possi

bly higher degree. We will see that the latter question does not arise in the

context of parametrization. However, as already mentioned, computing ad-

joint curves arises in many fields where it is sometimes necessary to obtain

all adjoint curves regardless of the degree.

3.2.2 Algebraic Methods

In the previous section we presented an approach to compute adjoint curves

using facts based on geometric properties. On this way, an easy algorithm

can be proposed. However, there are some serious drawbacks which restrict

the usefulness of this method.

One of main disadvantages of the geometric approach was a rather strong

Figure 3.2:
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dependence on changes of coordinate system which will be studied in our

forthcoming paper. Hence, we are looking for a coordinate-free descrip

tion of an algorithm for adjoint curves. We will present here only a brief

sketch of the method which is thoroughly described in [Mfiu95a] (see Ap

pendix A. This method works along the same lines as the geometric one.

However, it exploits more intrinsic structures of the problem which the ge

ometric method was unable to do as it depends on rather easy properties

derived from the defining polynomial.

Again, we start from an irreducible plane curve C given by a form F of

degree n. Since all notions in this section are of local nature, we consider

only the affine part of C defined by a polynomial f(x, y) = F(X, Y, 1) (see also

Remark 3.1.3). The basic knowledge required to construct adjoint curves is,

similarly to the geometric method, a complete description of the structure

of singular points. Now, however, no expansion techniques using quadra

tic transformation is used. Instead, the non-singular model of C is obtained

by computing the integral closure k[CJ of the coordinate ring of C. It can be

shown that this ring may be represented as a finite module which is a basic

prerequisite for this method to become algorithmic. Moreover, the integral

closure naturally corresponds to a plane curve — the non-singular model of

C. Having arrived at this point, a description of the structure of singulari

ties is accomplished. Hence, the method has achieved the same stage as the

geometric one after the expansion of the neighborhood graph.

Next, the system of adjoint curves Adj(C) is computed using the integral

closure of the coordinate ring. The theoretical basis of this method is estab

lished in following theorems (cf. Appendix A).

Theorem 3.2.4. Let C be an absolutely irreducible plane curve. Then

Adj(C) ~iIk[C] (3.20)



3.2. RESOLUTION OF SINGULARITIES, ADJOINT CURVES 67

Corollary 3.2.5. It holds

~ifk[C]

Main steps are summarized in the Algorithm 6. For precise description

and details of the underlying theory we refer to [Mñu95a].

ADJOINTS ALGEBRAIC(C)

Input: absolutely irreducible plane curve C

Output: basis of Adj(C) as a finite k[xJ module

Description: Main steps of the algorithm.

1. compute a basis of integral closure k[C] of k[CJ in k(C)

2. compute a basis {ri,}~ of the complementary mod

ule i3 of k[C] with respect to k[x]

3. return({~ ni}~-1)

Algorithm 6:

Example 3.2.6. Let us consider the curve from Example 3.2.3. We have

k[C] = k[x, y]/(y3 — y2 — — x2y + x2)

Moreover, the closure of k[C] is a finite k[xJ-module

= k[x] +yk[x] + ~ 1~k[x]

We set

e1 = 1

e2 = y

y(y—l)
e3=

Then the matrix of traces of e1e1 is

3 1 2x

1 2x2+1 3x2—2x

2x 3x2—2x 2—2x+2x2
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The complementary module has the following basis as a k[x]-module

m = —2x2 — 8x3 +5x4 — 2+ 2x — 2y+yx+2x2y — 6yx3 — 3y2x +4y2 + 4y2x2

= 2 — 2x + 6x2 — 6x3 + — 3yx — 2x2y + 9y2x — 8y2

— —3x3+4x2+4x4+9yx3—2x2y— 6y2x2+2y—2y2

The basis of the conductor is given by

= (_36x3+23x4_4+4x+8x2)y2÷(36x3_23x4+4_4x_8X2)Y

— 4x3 + 36x5 — 8x4 + 4x2 — 23x6

= (_36x3÷23x4_4+4x+8x2)y

= —36x4+23x5—4x+4x2+8x3

Hence, the adjoint system

Adj(C) = ~1k[x] + C2k[x] + C3k[x].

The Algorithm 6 on the preceding page yields a description of the sys

tem of adjoint curves represented as a finite k[xJ module. The advantage

compared with the geometric method appears in the fact that the complete

module of adjoint curves is available while the former method provided

only some elements of Adj(C). The algebraic method is completely coordi

nate-free which makes it less dependent on the way the input is represented.

As the whole module of adjoint curves is constructed, more flexible strate

gies in decreasing of the dimension may be applied in subsequent steps (see

Section 3.3).

3.2.3 Approximate Methods

In [Tra95] a novel approach to computing adjoint curves was started. The

assumption that objects are represented exactly has been droped working

on approximate representations.
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Let C be a curve defined by a polynomial f(x, y) of degree n with only

approximately known coefficients. Under the assumption that C has only

ordinary singularities an algorithm to compute all adjoint curves of degree

n — 3 is presented. It uses the singular value decomposition to obtain gen

erators of the adjoint ideal. The lack of exactness of representations is coun

terbalanced by a knowledge of the rank of a linear subspace of polynomials

generating the adjoints.

3.3 Searching for Rational Points

In the previous section we gave a detailed description of how adjoint curves

for a given curve C are computed provided a description of the structure

of singular points is available. When considering the geometric method to

solve this problem, a system of curves of certain degree Ha was defined, and

its dimension successively reduced. As already mentioned, a good choice of

the degree a of Ha is of great importance for step 4 of Algorithm 5 on page 59.

Now we will analyze this problem in more detail.

Assume, a system adjoint curves Ha to C has already been computed.

Here, Ha is used to denote the system

Va((mp1(C) — 1)1’~,.. .,(mp1(C) — 1)P1)

The next task is to decrease its dimension to 1 in such a way that all but one

intersection of the resulting pencil of curves and C are a priori known. A

possible solution is to find additional non-singular points on C and force the

adjoints to pass through all these points reducing the dimension step—by—

step to one. We have already seen that passing a system of curves through

one additional point leads to one independent condition imposed on its co

efficients. Hence, the reduction of the dimension to one may be achived.

The crucial role in the reduction plays the efficiency of computing the nec

essary points.
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In some cases, no additional points to pass the adjoint curves through

are needed. For the curve in Figure 2.7 on page 33 given by

— —

almost all adjoint curves intersect C in one point. In other cases, it may be

possible to reduce the dimension of the system of adjoint curves by passing

it through some of singular points with a higher multiplicity. It is a non

trivial combinatorical task to choose the degree of the system Ha in such a

way that as many as possible already known points on the curve may be

reused, or such that no additional (non-singular) points have to be com

puted. In the sequel, we present some strategies to choose the degree a to

fulfil these conditions.

Let us consider under which condition additional points may be cho

sen efficiently. The original parametrization algorithm (see [Wa150, SW91])

used a = n —2. Using equations (3.18) and (3.19) (Figure 3.3 shows some val

ues of dim Ha and Na) it may be easily seen that there are still n — 2 intersec

tion points of Ha and C. Reducing the dimension of Ha to one requires choos

ing n — 3 non-singular points on C. A similar situation arises for a = n — 1.

k dimHa Na

—2 n—2 n—2

—1 2n—2 2n—2

0 3n—1 3n—2

1 4n+1 4n—2

2 5n+4 5n—2

Figure 3.3:

For a = n the situation seemingly stays unchanged. To reduce the dimen

sion of EI~ to one, 3n —3 non-singular points are to be chosen. In [SW91] it is

shown that in this case the curve may be cut by three different lines meeting
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in one simple point. The intersection points form, for almost all selections of

lines, three classes each containing n — 1 non-singular points of C. The ad

vantage lies in the fact that passing through classes of points no algebraic

extension of the ground field is necessary.

The same idea works also for a n + 1 where four lines are used to ob

tain a set of 4n — 3 non-singular points. In general, combinatoric criteria im

pose conditions on the choice of a. A proper value of a should allow to ob

tain the additional points required in step 4 of Algorithm 5 on page 59 by

easy means, e.g. by intersecting the original curve with a number of lines.

The acquired points are either all necessary additional points or the num

ber of remaining point is to be kept minimal. J. Schicho and J.R. Sendra

(see [SS92]) formalized this process of choosing an optimal degree of Ha,

and derived some theorems describing principles behind this combinato

rial problem. The basis of their considerations is to regard the Bezout’s The

orem and the genus formula (3.7) as Diophantine equations in some set of

parameters.

Let {Q1}~L1 be arbitrary points of C, r1 = mQ.(C). If the coordinates of

Q1 lie in some algebraic extension k(a) 1k of degree s~, the “point” Q~ =

(p(aj), q(aj), r(cxj)), p. q, r polynomials, defines a class of 5~ points. Let m1 ≥ 1

denote an arbitrary integer. The intention is to pass the generic system of

curves through each class of points Q~ with multiplicity rn1. Let t ≥ 1 denote

the number of residual intersections. By Bezout’s Theorem we get

m~s~r~ = na — t. (3.21)
Qi

Another condition on m~ arises by requiring C not to be a component of

the resulting system. The problem of finding a suitable value for a may be

viewed as an optimization problem with parameters a, t,m1,. . . , m1 to min

imize the value of t. In [SS92], possible solutions of (3.21) are studied, and

a number of important consequences is derived for special curves. In cer

tain cases, this approach may lead to a quick detection of optimal value for
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a, in general, however, a may turn out to be rather large causing subsequent

operations on polynomials to prove prohibitively expensive.

Example 3.3.1. Let us assume three points { Q~, Q~, Q~ } on a curve of degree

7 have been found with s1r1 = 4, s~r~ = 6, s3r3 6. The equation (3.21) be

comes

4rn1 + 6rn2 + 6rn3 = 7a — t

This Diophantine equation has a solution for t = 1: m1 = 2, rn2 = 1,rn3 = 1,

a=3.

After the system Ha has been passed through all singularities, some ad

ditional (non-singular) points C may be required to reduce the dimension

of Ha to one. Note that selecting good points on C is a highly non-trivial

task. By intersecting the curve by lines or other curves it is possible to ob

tain classes of points. Their coordinates may, however, contain algebraic

numbers introducing possibly unnecessary ground field extensions in the

parametization step. In special cases, passing Ha through singular point P

with a multiplicity higher than mp(C) — 1 may effectively decrease its di

mension. This strategy is usually applicable only in cases where there are

singular points having small multiplicity. Obviously, the best choice is pro

vided by points with coordinates in the ground field itself. The Definition 3.1.2

and the parametrization algorithm in [Wal5O] show that if a curve defined

over a (not necessarily algebraically closed) field k has a point with coordi

nates in k, then there are infinitely many such points on the curve. Despite

of this, searching for such points by brute force may turn out to be extraor

dinarily time consuming task. It was shown that there exist plane curves

of degree n whose smallest Q-rational point (with respect to the bit-length

of its coordinates) is of magnitude bigger than 2~. Some curves might not

have points with coordinates in k at all. However, in [HH9O] a birational

map of an arbitrary curve of genus 0 and degree 11 to a curve of degree n — 2
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is constructed. Moreover, the coefficients of this map lie in the ground field

k. Hence, there is a birational equivalence over k mapping a curve to a conic

or a line. In the latter case, a k-rational point on a line may be lifted to a

k-rational point on the curve. In the former case, if there are no k-rational

points on the conic, a point with coordinates in an extension of k of degree

2 may be found by intersecting the conic by a line.

The approach of Hubert and Hurwitz requires to compute the system of

adjoint curves in each reduction step. For a curve of degree n, about Ln/2i

adjoint systems would have to be computed. This turns out to be not feasi

ble for higher degree curves. Recently, R. Sendra and F. Winkler (see [SW93])

used a variant of this approach to design an efficient algorithm which per

forms the reduction to a conic in two steps. Let us give a brief outline of this

method. For details we refer to [SW931.

Let C be a curve given by a homogeneous polynomial F(X, Y, Z) of de

gree n. The algorithm in [HH9O] is based on considerations of a birational

transformation defined by

X’ = q,I(X,Y,Z)

= q~(X,Y,Z) (3.22)

Z’ = q~(X,Y,Z)

where (~j E Adj~_2(C), I = 1,2,3. The following theorem describes the trans

formation of F under the inverse of the map (3.22).

Theorem 3.3.2. Let H~_2 c Adj~_2(C) be a system of curves of degree n — 2 in

tersecting C in n — 2 — r non-singular points. Let p~ e H~_2, i = 1,2,3, are such

that they define a birational transformation. Then the transform G(X’, Y’, Z’) ofF

under the inverse of the map (3.22) is an irreducible curve of degree r.

Using this theorem, if a system of curves intersecting C in n — 4 points

is found, the polynomial F transformed by the inverse of (3.22) is of degree
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2. The system of adjoint curves of C of degree n — 2 intersects C in n — 2 ad

ditional points (cf. table 3.3 on page 70). On this way, a class of n — 2 points

may be computed.

Now, after the first step of Hilbert—Hurwitz algorithm a curve D of de

gree n — 2 birationally equivalent to C is obtained. Starting from D, we may

compute a system 8 of curves intersecting C in 11—4 points. Choosing curves

~j e 8, i = 1,2,3, according to Theorem 3.3.2 there is a birational transfor

mation mapping the defining polynomial F of C to a quadratic form. Hence

arriving at a projective conic. See Algorithm 7.

REDUCE To C0NIC(C)

Input: rational curve C

Output: birational map a and a conic

Description: Reduction of a rational curve to a conic.

1. determine H~_2 := Adj~_2(C)

2. compute n —4 non-singular points on C

3. pass H~_2 through all points determined in previous

step obtaining a new system H~_2

4. choose three curves pi, q~, p~ e H~_2 inducing a bira

tional transformation c~ as in (3.22)

5. apply ~ to C to obtain a curve of degree 2

Algorithm 7:

The correctness of the algorithm follows from Theorem 3.3.2.

In the case k = Q, the problem of deciding whether there is a Q-rational

point on a conic amounts to decide solvability of a Diophantine equation.

A projective conic over Q is equivalent to a conic with integral coefficients.

A classical result by Legendre yields necessarily and sufficient condition.

Let m Rn denote the fact that ni is a square modulo n, i.e. there is an in

teger x such that x2 m mod n.
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Theorem 3.3.3. Let a, b, c be nonzero integers, squarefree, pairzvise relatively prime,

and not all positive nor all negative. Then

ax2+by2+cz2=O (3.23)

has a non-trivial solution iffthefollowing conditions are satisfied

(i) -abRc

(ii) -acRb

(iii) -bcRa

Proof See e.g. [1R82]. El

Summarizing, rational points on C may be found by, first, reducing the

curve to a conic, and deciding whether there are rational points on it. In the

affirmative case, such points are found and using the birational transforma

tion returned by the Algorithm 7 on the preceding page transformed to the

original curve. As we already mentioned, this approach is capable to yield

not only rational points, but also providing parametrizations.

34 Parametrization

In previous sections we considered in detail all necessary subalgorithms

needed to determine a parametrization of a curve. Now we assemble all

pieces to a parametrization algorithm.

Let C be a absolutely irreducible projective curve given by a homoge

neous polynomial P(X, Y, Z) e k[X, Y, Z] of degree n. We are looking for a

parametrization of C if it exists.

In the first step we want to test whether C posesses a parametrization.

For this purpose, the Algorithm 4 on page 58 may be applied, provided, rea

sonable bounds are given. This algorithm may be used to check the ratio

nality over more than one finite fields to increase the probability of detecting
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possible non-rationality. If it fails, the parametrization algorithm is started.

In case that C is non-rational the process will fail after resolving all singular

points. In this step there is already enough information available to com

pute the genus.

The parametrization algorithm starts by computing adjoint curves of C.

This may be done either by fixing the degree A of the adjoint system and

using the method described in Section 3.2.1, or by using Algorithm 6 on

page 67. In the latter case, the method to minimize the number of additional

points described in [SS92] (cf. Section 3.4). If some non-singular points are

necessary, the Algorithm 7 on page 74 may be used to find points having

their coordinates in a smallest extension of the ground field. In successive

steps, the dimension of the system of adjoint curves is lowered until it be

comes one.

In the final step, the coordinates of the only intersection of the system of

adjoint curves are expressed as rational functions in one parameter.

The above process results in Algorithm 8 on the next page. The cor

rectness was proved in previous sections, the steps 17 and 18 are described

in [SW91].

The Algorithm 8 on the facing page follows the classical line in pa

rametrization. Recently, using a basis of the integral closure of k[C], M.

van Hoeij designed a new algorithm to compute a parametrization of a

curve (see [vH94]). This method determines a rational function t such that

k(C) = k(t). Then the coordinates x and y are expressed as rational functions

of t by resultant computation.
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PARAMETRIZATION(C)

Input: a rational curve C

Output: parametrization of C

1. [Try to decide whether C has a parametrization]

2. if RATIONAL(C)=”Not rational” then

3. return “C is not parametrizable”

4. end

5. [Compute adjoints]

6. A ~— ADJOINTS ALGEBRAIC(C)

7. [Determine genus of C using the structure of singular

points]

8. if GENus(C)≠ 0 then

9. return “C is not parametrizable”

10. end

11. [Reduce the dimension of A to one J
12. if a solution of (3.21) with t = 1 may easily be found

then

pass A through singular points reducing the di

mension to one

14. else

15. Determine one simple point on C over a smallest

extension of k using REDUCE To CoNIc(C)

16. end

17. pass A through additional points determined in pre

vious steps obtaining a pencil A’ of dimension 1

18. determine the only intersection (x(t),y(t)) of A’ and C

19. return (x(t),y(t))

Algorithm 8:
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Chapter 4

Complexity of Parametrization

Parametrization of curves is a complex task requiring a large machinery of

symbolic algorithms interlaced in manyfold ways. Especially, multivariate

gcd’s and resultants are indispensable in this field. They are utilized instead

of factorization which is to be avoided if possible at all. However, due to

the rapid growth of coefficients during the process of parametrization, in

certain cases, factoring of polynomials turns out to be preferable method

compared to e.g. subresultant chain computation. Even though factoriza

lion of polynomials over rationals or over algebraic number fields runs in

polynomial time in the bit-complexity model, these algorithms are ineffi

cient in practice. Factorization is required mainly to maintain algebraic ex

tensions arising in the process of resolution of singularities. In [DD84] it is

shown that this problem may be handled by resorting to dynamic evaluation

where a computation in a domain is performed in the same way as in a field

even though there might be some zero divisors. At a step when a zerodivi

sor is to be possibly inverted a partial factorization of some elements defin

ing extensions is discovered and the computation splits into independent

branches. A drawback of this very intuitive method is that the splitting re

quires deep control over the whole computation possibly imposing strong

restrictions on subsequent steps.
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The complexity of parametrization using the RAM model with unit cost

for field operations has been analyzed in [AB89]. It was shown that the pa

rametrization requires polynomial number of field operations.

Theorem 4.0.1. A rational algebraic plane curve of degree n can be parametrized

in o(n6log3n + n2T(n2)) where T(n) = O(n~log2 n + n2lognlog(1/E)) denotes

the time taken to compute all roots of a polynomial of degree n with accuracy e.

4.1 Parametrization

In [MSW94], using the RAM model counting binary operations, which is

more realistic for analysis of symbolic algorithms, the following theorem

was proved.

Theorem 4.1.1. The worst case complexity for the algorithm PARAMETRiZE

([MSW94]) is

O(n26(n + LF)2 + n5lognL~)

where n is the degree of the curve, LF = length(~ IF I max), LR is the maximum length

of coordinates of simple points returned from the procedure POINTS.

Remark 4.1.2. The above theorem holds under the restriction that all sin

gular points are ordinary. When using towers of fields to represent multiple

extensions, the complexity might turn out to be exponential in the size of the

input curve. This is due to the non-constant number of additional variables

which are introduced in the process of expanding singular points.

Let us now consider some larger subproblems of parametrization which

have been analyzed separately. All particular procedures used in geometric

parametrization (see Algorithm 8 on page 77) has been thoroughly studied

in the literature and their complexity is known.
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4.2 Singularities and Neighboring Graphs

Resolution of singular points is one of central parts of all known parametri

zation algorithms. Many other interesting problems depend on thourough

knowledge of their structure. In [Tei9O] an algorithm for resolution of a sin

gular point represented by power series running in polynomial time in the

size of the singularity is proposed. The model used to estimate the complex

ity is based on field operations. This is, however, a strong simplification,

and may invalidate many results. When using exact arithmetic in the field

of rational numbers, the length of intermediate results may be much larger

than the initial data. A single computation of a pseudoremainder of polyno

mials over Q dramatically blows up coefficients. For this reason, counting

field operations is not an appropriate measure to estimate the true complex

ity of symbolic algorithms over infinite fields.

In [Koz94] an algorithm based on a Puiseux series for resolution of sin

gularities of plane curves is presented. This algorithm requires polynomial

number of bit operation to resolve all singular points.

Another estimate for the number of bit operation reqired to compute all

distinct singularities of a plane curve is given in [MSW94]. This approach,

based on computation of the neighborhood graph by utilizing quadratic

transformations, is of exponential complexity when infinitely near singular

points are present.

Theorem 4.2.1. Let C be a irreducible projective curve given by a homogeneous

polynomial F of degree n. Let LF := length(J~FJJ~ax). The worst case complexity of

the algorithmfor computing all singularities is O(n12(nlogn ÷ Lp)2).

4.3 Rational Points

In most cases, parametrization algorithms require finding at least one non

singular point on the curve. The extension in which coordinates of this
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point are lying heavily influence the coefficients of the final parametri

zation. In [SW93] an algorithm is presented to compute such point over

the smallest extension of the ground field. The computational complexity

of this procedure has not been studied yet.
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Computing Adjoint Curves
(An Algebraic Approach)

Michal Mñuk*
Research Institute for Symbolic Computation

Linz, Austria
rnmnuk@risc.uni-ljnz .ac .at

7 November 1995

Abstract

This paper describes an algebraic approach to computing a system
of adjoint curves to a given absolutely irreducible plane algebraic curve.
The proposed algorithm utilizes integral closure of the coordinate ring
rather than expanding neighborhood graphs by quadratic transforma
tion.

1 Introduction

Adjoint curves (curves passing through all singularities of a given curve
with a “high enough” multiplicity) are important objects in various areas of
mathematics — number theory, coding theory, algebraic geometry, etc. This
paper aims at a solution of the problem of computing the system of adjoint
curves for a given absolutely irreducible plane curve (see e.g. [4], [2], [9]).

The inherent tight binding of this problem to the structure of singulari
ties makes it very difficult to avoid explicit computation of the non-singular
model. This may be done either by using geometry and expanding the neigh
borhood graph of the curve, or by using algebra and computing the normal
ization of the coordinate ring. The computation of the non-singular model
turns out to be an extraordinarily laborious task. The expansion of the neigh
borhood graph may quickly prove to be prohibitively complicated, at least
in characteristic zero (cf. [3]). The reason for this seems to be hidden in the
imperfect exploitation of the structure of singularities of the quadratic trans
formation which is used to compute the neighborhood graph. On the other
hand, the normalization technique may circumvent some difficulties of the

This work was partially supported by the FWF under the project POSSO, Nr. P9181-
TEC.
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expansion approach. There is a strong hope, that it may be refined to a fea
sible and powerful method to obtain the non-singular model.

In this paper we make use the structure of the coordinate ring and its
integral closure in the function field to get a description of the non-singular
model. The adjoint curves may then be extracted from this data by solving
a system of linear equations. The principles of this approach are based on
the theory of Dedekind domains. Even though only a little is known about
the comparison of above methods, there is a strong hope that this approach
will introduce new and/or clearer structures, open alternative views, and
make the problem more comprehensible.

The paper contains three basic parts. In the Section 2 we briefly sketch
the algorithm for computing adjoint curve. The Section 3.1 recalls some ba
sic definitions and theorems from the theory of Dedekind domains. The
mathematical background for the proof of correcthess of the main algorithm
is collected in the Section 3.3. Finally, in the Section 4 we give a detailed de
scription of the main algorithm.

2 Main result

In this section we present a sketch of an algorithm for determining all ad-
joint curves using information extracted from the integral closure of the co
ordinate ring of a plane curve.

Let us now briefly describe the ideas behind the algorithm. We will give
here only a very coarse description of underlying concepts. We refer to the
Section 3 for detailed exposition.

Throughout this paper, let F(X, Y) be an irreducible bivariate polyno
mial describing an affine plane curve C. Note that since all notions are of
local nature, the results easily extend to projective curves.

Let k[C] = k[X, Y]/(F) denote the coordinate ring of C, and k(C) the field
of rational functions. Let Adj(C) be the system of adjoint curves to C, !=

~k[C]Jk[C] the conductor of k[CJ over k[CJ, and e the complementary module of
k[C] over the polynomial ring k[X] (for definitions of these notions we refer
to Section 3.1 or to [11]).

Theorem 2.1. The notations being as above. Then

Adj(C) = =

This theorem provides a useful knowledge to give a first sketch of a pro
cedure (see Algorithm 1 on the following page) which will be worked out
in more detail later.

The rest of this paper deals with the proof of the correctness of the Al
gorithms 1. Following sections will introduce all necessary definitions and
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ADJOINT SYSTEM(C)
Input: absolutely irreducible plane curve C given by F(X, Y)
Output: basis of Adj(C) as a finite k[x] module

1. compute a basis of integral closure k[C] of k[C] in k(C)
2. compute a basis {m}~1 of the complementary mod

ule e of k[C] with respect to k[x]
3. return {~f m}7~

Algorithm 1: Adjoint system - sketch

theorems from the theory of Dedekind domains needed in the proof. At the
end we present a refined version of the above algorithm providing details
of computations of bases in steps 2 and 3.

3 Dedekind domains and singular points on plane curves

In this section we provide the basics of the theory of Dedekind domains as
far as they are used to prove the correctness of the above algorithm. For
more details and proofs we refer e.g. to [11] and [1].

3.1 Basic notions of Dedekind domains

Let F(X, Y) be a bivariate polynomial over a field k. Let x and y be images
of X and Y in k[C], respectively. We consider F(X, Y) as a univariate poly
nomial G(Y) in Y over k(X). Assume G(Y) is separable. Then {x} is a sepa
rating transcendence basis of k(x,y)Ik, i.e. any element z E k(x,y) is a root of
a separable polynomial over k(x).

Due to the Normalization Lemma (see e.g. [11], Ch. 5, Thm. 8) we may
assume that F is monic in Y, more precisely, there exists a change of coor
dinates ~r of the affine plane A2(k) such that k[x’,y’] = k[~(x), t(y)] is integral
over k[x’]. Moreover k(x’, y’) is separable over k(x’). Thus y e k[C] is an inte
gral element over the subring k[x] and the integral closure of k[x] in k(x, y)
coincides with the integral closure k[C] of k[C] in k(x, y). The coordinate ring
k[CJ is integrally closed in k(C) if and only if C is a non-singular curve (see
e.g. [6]).

The integral closure of the coordinate ring is the basic piece of data we
need to extract all necessary information to compute the system of adjoint
curves. The following theorem is very essential from the algorithmic point
of view. It guarantees the representability of the integral closure of certain
types of integral domains as a module in terms of a finite number of basis
elements.
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Theorem 3.1. Let R be a finitely generated integral domain over afield k, and let
K’ be afinite algebraic extension of the quotientfield ofR. Then the integral closure
R’ of R in K’ is a finitely generated integral domain, and is a finite R-module.

Proof See [11], Ch. V, §4. El

Note that coordinate rings of curves and their quotient fields obviously
satisfy the prerequisites of the theorem.

Let for the rest of this section R, R’, and K, K’ denote arbitrary rings and
fields, respectively. The notion of an ideal of a ring may be extended to a
fractional ideal to allow to impose the group structure onto the set of ideals.

Definition 3.2. Let R be an integral domain and K its quotient field. An R
submodule a of K is called a fractional ideal of R if there is some d ≠ 0, d e R,
such that a c ~R.

Remark 3.3.

1. It is easy to see that if a is a fractional ideal of R then there is an ordi
nary ideal b c R and a non-zero element d e R with a = ~ b.

2. Let a be a fractional ideal of an integral domain R. We define (R: a) :=

{z e K za c R}. This set is again a fractional ideal.

3. A fractional ideal a of R is said to be invertible if a (R : a) = R.

The nice property of some rings to permit unique factorization into prime
elements can not, in general, be retained when passing to extensions. How
ever, in numerous cases unique factorization of ideals into primes is still
possible. In this context, the notion of a Dedekind domain plays a central
role.

Definition 3.4. A ring R is said to be a Dedekind domain if it is an integral
domain and if every ideal in R is a product of prime ideals.

Dedekind domains bear a number of interesting properties.

Remark 3.5.

1. In a Dedekind domain, every fractional ideal invertible.

2. The integral closure of a Dedekind domain in a finite separable exten
sion of its quotient field is again a Dedekind domain.

The proofs of these claims may be found in most books on commutative al
gebra (e.g. [11]).

In the sequel we will define two important fractional ideals — the con
ductor and the different. They are closely related to each other. The different
behaves like the reciprocal of the conductor.
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Definition 3.6. Let S and T be two rings, S c T. The conductor ~TIS of S in
T is defined as

~={sE S~sTcS}.

Remark 3.7. The conductor of S in T is the largest ideal of S which stays an
ideal in T.

We proceed to definition of the different.

Definition 3.8. Let R be an integrally closed ring, K its quotient field, K’ a
finite separable (and hence simple) extension of K, and R’ an integral exten
sion of R admitting K’ as quotient field. Let TKIIK : K’ —* K denote the trace
of K’IK. The set

eRIIR := {z K’ I TKIIK(zR’) c R}

is called the complementary module of R’ with respect to R.

Remark 3.9. The complementary module is a fractional ideal of R’ (see [11]).

Definition 3.10. Let eRIIR be the complementary module as above. The set

~R’IR := (R’ : eRIIR) = {z e K’ I ZCRIIR c R’}

is called the different of R’ over R.

Let R be an integrally closed ring and K its quotient field. Let K’ be a
finite separable extension of K and R’ the integral closure of R in K’. The
Remark 3.5 shows that R’ is again a Dedekind domain. We establish now
an important connection between the conductor and the different.

Theorem 3.11. With above notations, let y be an element ofR’ such that K’ = K(y)
and let F(T) be the minimal polynomial of y over K. Then we have

F’(y)R’ = ~R’IR[y]’0R9R

where F’ denotes the derivative ofF.

Proof See [11], Ch. V, §11. E

Corollary 3.12. It holds

F’(~F)eRIIR ~R’IR[y]

Proof The assertion follows from the fact that the different is a fractional
ideal of R’ and that in a Dedekind domain every fractional ideal is invertible.

Remark 3.13. Note that F’(y) is always in
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3.2 Computing a basis of the conductor

In the previous section we summarized basic properties of Dedekind do
mains. The conductor was in the center of our observation as it will turn
out to be closely related to the system of adjoint curves. In this section we
describe a way to compute a basis of the conductor in terms of a basis of the
integral closure.

Let F, R, R’, K, K’ be as in the Theorem 3.11. Observing that the integral
closure R’ is a finite R-module and that the complementary module is a frac
tional ideal of R’, we may determine a finite basis of CRIjR thus obtaining a
finite basis for the conductor using the Corollary 3.12. This yields an algo
rithmic way of describing the conductor of R[y] in R’.

A basis of the complementary module may be computed as follows. Let

{e~}~1 be an integral basis of R’ over R (hence K’ = ~, Ke~). Consider the fol
lowing matrix A := (TKIIK(e1eJ))~’J_l. Since K’ 1K is a separable extension, the
matrix A is invertible. Then the linear system

~aIJTKIIK(e~eJ)=6Il, i=1,...,n (1)

has a unique solution (a11, . . . , a~) over K for any! (5~ denotes the Kronecker
symbol). Now let

m := ~a1~e1. (2)
j=1

Then r~, is another basis of K’IK. For

~ T~i~<(e,e1)r~ = ~alJTKIIK(e1eJ)eI = = e,.
j jk I

Moreover, from (1) we have

TKr~K(r,1eJ) 8~. (3)
Now let z’ = ~, ~jrjj E K’ be an element of K’, and r’ = ~ a1e1 e R’. Then

TKIIK(z’r’) = ~ c~ja18j1 = ~ ~‘ja,. (4)
ii

Now we claim that {m}~ is a basis of CR1 I’? as an R-module. Assume, z’ e
K’ and TK,IK(z’R’) c K. Setting successively a1 = 0,.. ., a, = 1,.. ., a~,, =0 in (4)
we get ~ e R for all i. On the other hand, if ~ e R for all i, then TKIIK(z’R’) c R.
Thus

CRIIR = ~Rrj1. (5)

The equation (5) together with Corollary 3.12 yields a complete descrip
tion of the conductor of R[y] in R’. In the next section we will relate this
object to the system of adjoint curves hence providing a new possibility to
determine the adjoints.
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3.3 Singular points and the non-singular model

This section introduces some basic notions from the algebraic geometry of
plane curves. We will mainly focus on the algebraic way of the description
of singular points and other related notions. For detailed description of no
tions introduced in this section we refer to [6], [1], or [10].

First, we recall the concept of blowing-up an affine space. Let 0 be an
arbitrary point of the affine plane A2. Since translations map A2 isomorphi
cally, we may assume 0 = (0,0). Let ~j.i be the blowup of A2 centered at 0:

(x,z)~(x,xz) (6)

Let C be an absolutely irreducible plane curve given by a polynomial
F(X, Y) defined over a separable field k such that X is not a tangent to C
at any singular point. The latter condition may be satisfied by a suitable
change of coordinates. Using the Normalization Lemma ([11]) we may as
sume that F is monic in Y, in other words, the coordinate ring k[C] is integral
over the ring of univariate polynomials k[x]. For an arbitrary point P e C
(we can assume P = (0,0)) we may consider the action of ui centered at P
on points of C. Let C’ := i~i-’(C) denote the blowup of C centered at P. and
o• be the restriction of i,tr to C’. Note that if P is a non-singular point on C,
the map a yields an isomorphism of C’ to C. However, if P is singular, there
will be at least two pre-images of P on C’, and a defines just a birational cor
respondence between C and C’. The pre-images are called points in the first
neighborhood of P. If some of them are singular, the structure of their singu
larities is simpler than that of P. There is a chain of blowups

X = C,, ~ > Ck_l ~ 1> ... > C1 ~° C0 C

such that o~ : C~~1 —~ C1 is a birational map, and X, the non-singular model of
C, has no singular points. The set o~1j o a~j o o a~(P) is called the i-th
neighborhood of P. The collection of all neighborhoods forms a neighborhood
graph (see [1]) completely describing the nature of all points on C. Note that
only singular points have non-trivial neighborhoods. The singularities on
C are called distinct singular points while those in their neighborhoods are
called infinitely near.

All properties studied in this paper are of local nature, i.e. they remain
the same if the curve is replaced by a neighborhood of a point. Since

k[C] fl Opi(C), (7)
P’EC

where Opi (C) denotes the local ring of C at P’. we may obtain facts about k[C]
by studying local rings Ops (C) for any point P’ e C. The equation (7) enables
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us to recover properties of k[CJ from Op (C). Therefore we fix an affine neigh
borhood W c C of P such that P is the only singular point in W. This neigh
borhood induces an affine set W’ c C’ containing all points from the first
neighborhood of P. We may shrink W such that W’ contains no singulari
ties of C’ except possibly a1(P).

The regular map o• induces a homomorphism of k[C] into k[C’]:

k[C] —* k[C’] (8)

g i—* go a

Let us have a closer look to the action of a* on k[CJ. Let g e k[CJ and s =

mp(g). Then

(9)

e k[C’]. For, let G(X,Y) = G~(X,Y) + G~+1(X,Y) + ... + G~(X,Y), where
G1(X, Y) are forms of degree i, be a polynomial corresponding tog. Then the
image ofg’ is givenby G’(X, Z) = XS(G~(1, Z) + XG~+1(1, Z)÷~ . + Xm~Gm(1, Z).
We call a* (g) the total quadratic transform ofg, and g’ the proper quadratic trans
form of g. From (9) we see that if g passes through the origin with multiplic
ity s, then the total quadratic transform of g passes through any points in
the first neighborhood of P with multiplicity at least s. However, the proper
quadratic transform need not pass through those points at all. The map a*
maybe extended to a* : k[X] —~ k[C].

Let now D be a plane curve given by a polynomial G, and g be the image
of G in k[Cj. We extend the notion of the multiplicity of a curve at a point to
arbitrary neighborhood points. We say that D passes through a point Q ~ C’
in the first neighborhood of P with multiplicity s if the multiplicity of the
proper quadratic transform of g at Q is s. Points in i-th neighborhood are
handled analogously. Curves having a high enough multiplicity at all neigh
borhood points bear a number of important properties.

Definition 3.14. Let C be an irreducible plane curve. Let P be a singular
point (distinct or infinitely near) of C of multiplicity mp(C). A curve D is
called an adjoint curve to C at P if

mp(D) ≥ mp(C) — 1. (10)

The set of curves which are adjoint to C at P is denoted by Adj~(C). If (10)
holds for all singular points P on C (distinct or infinitely near), and hence
for all P, D is called an adjoint curve to C. The set of adjoint curves to C is
denoted by Adj(C).

Remark 3.15. When referring to functional properties of adjoint curves, we
use the notation Adj(C) also for the ideal of k[C] generated by images of
polynomials which define adjoint curves. This identification does not cause
any confusion.
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For the sake of simplicity we replace C by an affine neighborhood of P.
passing from k[CJ to O~(C), such that this neighborhood does not contain
any other singular point except P. Hence C’ will be replaced by the inverse
image of this neighborhood which is again affine. Local results may then be
easily globalized to k[CJ using (7).

Let a1(P) = {P1, . . . , Pri} be points in the first neighborhood of P. Then
we say that P~ lies above P and denote this fact by P1 >- P. This notation nat
urally extends to points in arbitrary neighborhoods of P. In the sequel, we
show that the local ring of a point Q >- P is integral over Op(C).

Proposition 3.16. There is an affine neighborhood W of P on C such that W’ =

o~’(W) is an affine open subvariety ofC’, ~(W’) = W, k[W’] is integral over k[W},
and xT_~~k[WI] c k[W].

Proof Let F = ~i+j>raijX~Y’. Consider the neighborhood of P defined by
the image h of H(Y) = Y’~F(O,Y) = ~j≥~~~o1Yj_r in k[CJ. We set W = {Q e
CI h(Q) ≠ O}. Since X is not a tangent to C at P. H(O, 0) = 1 and FE W. Then
WI := a’(W) is affine neighborhood on C’ containing all points in the first
neighborhood of P.

To prove that k[W’] = k[W][z] is integral over k[W], observe that

F’(x,z) =~ = ~a11y~i_rzr_1. (11)

The leading coefficient of this polynomial is h which does not vanish at any
point of W’. Hence h is a unit in k[W’J, and 11 yields the desired integral de
pendence of z on k[W]. The last assertion follows from the fact that Xr_1z1 =

* = x~—~—1y~ for 0 ≤ i ≤ r — 1.

Corollary 3.17. Let S be afinite set of points in A2. The neighborhood W in the
Proposition 3.16 may be chosen such that is does not contain any point from S.

Proof For any Q e S consider a line LQ passing through Q and not through
any other point of S. Then replace h in the proposition by h FIQES LQ. U

The relations between the original curve C and C’ are reflected in the re
lations of respective local rings. Since the blowup is an isomorphism every
where except at F, local rings OQ(C’) of points Q e C’ different from any P,
(P1 e a1(P)) are isomorphic to the corresponding local rings O~(Q)(C) on C.
Note that we are considering only a neighborhood of P devoid of singulari
ties other than P. Differences arise between local rings of points on C’ lying
above P. If g E Op(C), then obviously g is regular at all P1 on C’ lying above
P. Hence we have an embedding

Op(C)c~~* fl Op,(C’).
P,ej ‘(P)

The Proposition 3.16 allows us to describe this relationship precisely.
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Corollary 3.18. It holds

(i)

fl 0p1(C’) isintegralover Op(C).
P,~ a1(P)

(ii)

Op(C)= fl OQ(X)
Q>-P

Proof Letg e flp~~1(p) O~(C’), i.e. g is regular at all P,’s. Let T be the set of
poles of g on C’. This set is algebraic, and hence finite. We may thus find a
neighborhood W of P on C such that WI does not contain any pole of g, i.e.
g e k[W’]. This means that g is integral over k[W], and hence over Op(W)
since Op(C) D k[W]. The fact Op(W) = Op(C) concludes the proof of the first
assertion. A proof of the second fact may be found in [7], Chapter ifi. LI

Remark 3.19. Note that the local rings OQ(X) are discrete valuation rings,
i.e. noetherian, integrally closed, and the maximal ideal is principal. Hence
each Q E X may be assigned a valuation ord~ of OQ(X). This valuation nat
urally extends to the function field k(C) = k(X).

3.4 Adjoint curves and the conductor

In this section we prove that the adjoint curves are precisely those in the
conductor of the coordinate ring in its closure. The following lemma will
be used in the proof of the theorem. Its proof was greatly inspired by ideas
of J. Schicho ([5]).

Lemma 3.20. Let C be an irreducible plane curve defined by a polynomial F e
k[X, Y], F = F(X, Y)r + F(X, Y)r÷i + ... + F(X, Y)~, and P a point on it. Let C’
be the blowup of C centered at the origin, and {P1, . . . , P7.~ } be points in the first
neighborhood of P. For any g e k[CJ such that

g E ~rTh~’1Op(C’)IOp(C)

there is

ge mr_i

where m is the maximal ideal of Op(C).
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Proof. Let M = n~1Op(C’). We see that y/x e 3vt. Hence e Op(C), and
there is a e Op(C) such that

gy—xa =0.

Let G, X, Y, and A be pre-images of g, x, y, and a, resp., under the map
k[X, Y}(x,y) —+ Op(C). Let 9J1 be the maximal ideal in k[X, ~J(xy)• Then

GY - XA e (12)

Now let G(X, Y) = Gk(X, Y) ÷ + G~I(X, Y) where G,(X, Y) are forms of de
gree i. Assume that at least one G1(X, Y), where k ≤ 1 < r, is not identically
zero, and let

GY - XA = ~ yj1X1YJ. (13)
k≤i+j

From (12) we have

~ ThX’Y’=O. (14)
A≤i+j<r

This is impossible since otherwise we would have an algebraic dependence
of y upon k[x] of degree less than n = deg(F). Hence the coefficients of GY
at monomials of degree at most r — 1 are zero. The assertion follows then
immediately. E

Theorem 3.21. Let C be an absolutely irreducible plane curve. Then

Adj(C) = ~k[~TIk[C] (15)

Proof Referring to the discussion about connections between local and global
properties in Section 3.3 we prove Adj~(C) = The theorem fol
lows then using the equation (7).

First, let D be an adjoint curve to C at P given by a polynomial G(X, Y).
Let g be the image of G in k[C]. We have to show that

ge ~~YIc~(c)

The claim will be proved by induction on the depth N of the neighborhood
tree rooted in P. If N = 0, i.e. P is a non-singular point, then the local ring
Op(C) is integrally closed. Hence (3.4) is trivially fulfilled. Let C be a curve
having the neighborhood graph of depth N+ 1. Let a1(P) := {P1,. . .

be the first neighborhood of P. Now G passes through P with multiplicity
at least r — 1, where r = mp(C). Then G(X, Y) = Y~i+j≥r—i g~1X1Y], gjj ~ k. For
1 ≤ k ≤ r’ consider the image a*(g) e OPk(C’). From (9) we have

c3.*(g) = x’~~1g”, g” e OPk(C’). (16)
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Moreover, g” was assumed to be adjoint at all points Q >.- P~, i.e.

7-,

e fl OPk(C’) (17)
k=1

where C’ is the blowup of C centered at P. Now from (16) and the Proposi
tion 3.16 we have

e Op(C). (18)

On the other hand, let us denote the i-th neighborhood of P by ~ (~ =

{P}). We will show by induction that if

ge ~~ji0p(C)’

then for any Q e =

mQ(g)≥rQ—l.

where rQ is the multiplicity of the corresponding blowup of C at Q.
If Q E 9~/~j, i.e. Q lies on the non-singular model of C, then the assertion

is trivial since Q is non-singular. Assume that it holds for any Q E u~L1 ~.

Let

ge ~Op(C)I~,(C) (19)

We have

fl Op(C’)cOp(C).

From (19) we conclude gQmOp1(C’)) C Op(C). This implies

ge ~~C’)IOp(C)~

The assertion then follows from the Lemma 3.20.

4 The refined algorithm

The connection between the ideal of adjoint curves and the conductor estab
lished in previous sections enables us to refine the Algorithm 1 which was
sketched in the Section 2.

Let C be an absolutely irreducible plane curve given by a polynomial
F(X, Y) e k[X, Y]. Let x and y be images of X and Y in k[C], respectively.
Let us denote by R the ring k[x] and by R’ its integral closure in the function
field k(C).
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In the first step, the algorithm determines the integral closure R’ of R in
k(C). The Theorem 3.1 shows that this can be done effectively by providing a
finite basis of R’ as a finite R-module. Note, that there is an computationally
feasible solution to this problem (see [8]. The next step computes a basis of
the complementary module CRIIR of R’ with respect to R. Finally, having its
basis, it is only a matter of multiplying it by the Y-derivative of F to obtain
a basis of the system of adjoint curves.

ADJOINT SYSTEM(C)
Input: absolutely irreducible plane curve C given by F(X, Y)
Output: basis of Adj(C) as finite R module

1. determine a basis {e~}~1 of R’ as a R-module
2. forj÷—ltondo
3. solve the linear system

6iJ=~a1kTKrIK(ekeI), i=1,...,n

for a11 over K
4. end
5. compute {i~~ := ~ a~1e1}~1

6. return {~(X,y)flj}~1

Algorithm 2: Adjoint system — full version
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Abstract

Given a rational algebraic plane curve C in implicit representation
we consider the bit complexity of describing C by parametric equa
tions. Estimates for subalgorithms for computing the standard decom
position of singularities and the genus are also abtained.

1 Introduction

Rational parametrization of algebraic curves is one of the basic computa
tional problems in constructive algebraic geometry. A completely symbolic
approach to this problem has been published in [11] and it has been imple
mented in the program system CASA ([4, 9]). The main goal of this paper
is to give a thorough theoretical worst case complexity analysis of this pa
rametrization algorithm.

In the first part we limit the complexity analysis to the case in which the
curve has rational coefficients and only ordinary singularities, i.e. no blow
ing up is necessary to resolve them. In the Section 4 we discuss questions
related to the presence of neighboring points.
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Since the main steps of the parametrization algorithm consist of solving
systems of algebraic equations in two variables, solving linear systems, and
computing gcd’s and resultants of polynomials of two or three variables, it
is easy to see that the complexity is polynomial in the size of the input. In
this paper we give a precise analysis in terms of bit complexity of the pa
rametrization problem and some of its important subproblems.

Section 2 contains a summary of complexity bounds for basic inte
ger and polynomial arithmetic algorithms (gcd, polynomial remainder se
quences, etc.). Section 3 is dedicated to the computing time analysis of
the parametrization problem. In Subsection 3.1, description and analysis
of an algorithm for the decomposition of the set of singularities is given.
Subsection 3.2 is devoted to the main algorithm for parametrization. A
brief description of and a detailed analysis in terms of bit complexity are
provided. In order to obtain tighter bounds for special cases we distin
guish whether coordinates of all singularities are rational or not. In Sub
sections 3.2.1 and 3.2.2 we give the analysis for both cases. Section 4 dis
cusses the complexity of algorithms designed so far in the case when the
input curve possesses neighboring singularities.

2 Complexity of integer and polynomial arithmetic

In this section we briefly recall complexity bounds for basic algorithms for
integers and polynomials. For some of them we give also short proofs to
make the methods used here more transparent. Throughout this paper we
use classical algorithms for both integers and polynomials. Even though
this will not yield the best possible estimate of the complexity the main goal
of this paper is to reveal computationally expensive parts of the parametri
zation algorithm. For detailed description of algorithms in this section we
refer to [6, 7], etc. For elementary introduction the reader may refer to [2].

2.1 Integer arithmetic

The computational complexity of operations over integers is measured in
terms of length of input, i.e. the number of bits needed to store the input
into the memory. By length(a), a e Z we denote [log2(~af)j +2 (we take the
most significant bit as sign bit).

Remark 2.1. Throughout this paper all logarithms are taken to the base 2.

The following proposition summarizes classical results on integer arith
metic.

Proposition 2.2. Let a, b e Z and la, 1b be the length ofa and b, respectively. Then
it holds:
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(i) The worst case complexityfor adding a and b is O(max{I~, lb}) and

length(a + b) = O(max{la, ib})

(ii) The worst case complexityfor multiplying a and b is O(lalb) and

length(ab) O(la + ib)

(iii) The worst case complexityfor computing a~ is O(ii log nl~).

(iv) The worst case complexityfor computing a mod b (IaI > IN) is O(lb(la — 1b +

1)).

(v) The worst case complexityfor computing the greatest common divisor ofa and
b is OQa(’b — l~ + 1)), where l~ is the length of the gcd.

2.2 Polynomial arithmetic

Before we start to give complexity analysis of polynomial arithmetic we need
to define some measures for the size of polynomials. Let a = a~x~ + + a0
be a muitivariate polynomial in Z[x1,. . . ,xr_i][xr] with a1 e Z[x1, . . . ,Xr_~].

The complexity of various operations with a is determined by the degree
of a (regarded as a univariate polynomial in x~) and by the size of its coeffi
cients. In the sequel, we recall three well-known notions of a norm. In order
to obtain an estimate of the size of coefficients we define the max-norm of a
by

I IaII~~X := max {Ilaillmax}.

However this norm does not comprise any information on the degree of the
polynomial. Hence numerous complexity estimates are given in terms of
the 1-norm defined by

IIaIIi := ~ Ja~IIi

or the 2-norm defined by

lIaII2 (~ IIaiII~)hh/2.

For a ~ Z we define

IIaIImax IIaII~ = 11a112 lal.
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We have obvious relations among these norms. For a e Z[x1, . . . ,x~.] it
holds

jallmax ≤ ~ (1)

Ilailmax ≤ jt~~ (2)

IIaIIi ~ ~r IlaIlmax (3)

1a112 ~ ~r/2 IlalImax (4)

Throughout this paper, for a E Z[x1,. . . , X,.], we will use Lmax(a) and Lj(a) to
abbreviate length( Ia max) and length( I Ia Ii), respectively.

Proposition 2.3. Let A,B E Z[Xi,...,Xrl, n = max{deg~.(A)I i =

m max{deg~1(B)~ i = 1, .. . , r}, and LA Lnzax(A), LB Lniax(B). Then we have:

(i) The worst case complexityfor addingA and B is 0(k~L) where k = max{m, n},
L = max{LA, LB}.

(ii) The worst case complexityfor multiplying A and B is O(LALBnTm’~).

(iii) The worst case complexity for computing the pseudoquotient and pseudore
mainder ofA and B w.r.t. X~ (deg~(A) ≥ deg~(B)) is

O(n~~mr_l(n — m + 1)((n — m + l)LB + LA)LB).

Furthermore,for univariate polynomials the length of the max-norm of quo
tient and remainder is dominated by 0((n — m + l)LB + LA).

Proof First two assertions are obvious. Let nr := deg~(A), m,. := deg~(B).
Computation of pseudo-quotient and pseudo-remainder can be described
by the following recurrence relation:

A~°~ ~-A

~ lc(B)A(Jc_l) — ~deg~~(A(Ic_l))_mr+1 lc(Ak_1)B

where k = 1,..., deg~(A) — mr + 1. We see that

II11~IImax = 0(21IIAIImax IIBII~ax).

Each ioop of the above recurrence requires 0(n) multiplications of (r — 1)-
variate polynomials with lengths of max-norms 0((n — m + l)LB + LA) and
LB. Combining these results together we get a bound as stated in the theo
rem. LI

Corollary 2.4. Let A, B be univariate polynomials, n ≥ max{deg~A), deg(B)},
and e e N. Let e = 0e~2~ be the binary representation of e, LA = Lmax(A), LB
Lnzax(B). The worst case complexity for computing C AC mod B is

0(n2 log e(eLA + n log eLB)2)

Moreover, Lmax(C) 0(eLA + fllOgeLB).
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Proof Without loss of generality we may assume e = 2k• We use the well-
known algorithm for exponentiation based on repeated squaring. See Al
gorithm 1.

ExPP0LY(A, B, e)
Input: univariate polynomials A, B, and e E N, e = ~ e12’
Output: A~ mod B

1. S0+—1;T0f--A;
for I = 0 to k do

2. ife~=1thenS1~—S~_~T1_1 modB

3. I~—?~ modB
end

Algorithm 1:

Let us estimate the length of T~ in step 3. We easily obtain Lmax(Tj~i) =

O(logn + 2Lmax(Tj_i)). Using results of Proposition 2.3 we conclude
Lmax(Ti) = O(2Lmax(Ti_i) + flLB). By induction Lmax(Ti) = O(2~LA + niLB).
Hence upon termination

Lmax(Ae mod B) = O(eLA + nlogeLB).

When counting bit operations we may restrict the analysis to step 3. In
the i-th ioop, the multiplication costs O(n2(2~LA + niLB)2) and computing
residuum O(n2(nLB + 2~LA + niLB)LB). The overall complexity is then

O(n21oge(eL~ + nlogeL~)2).

E

We will often need estimates of norms of polynomial divisors. The follow
ing lemma can be found in [8].

Lemma 2.5 (Landau-Mignotte-bound). Let A and C be univariate polynomi
als with integral coefficients. Moreover let C = ABfor some B e Z[x]. Then

(0 liBlimax ≤ O(2~IICII2) = O(2~1nh/2If Climax) O(2~1iCllnzax)

(jj) Lmax(B) = O(n + Lmax(C))

where n = deg(C).

In the next proposition, we summarize some basic results on polyno
mial remainder sequences, resultants, polynomial gcd’s and on solving lin
ear systems (cf. [1] and others).

Proposition 2.6. Let A, B e Z[x1, . . . , Xr], n the maximum degree in any variable
ofA and B, and Lmax := max{Lnjax(A), Lnzax(B)}. Then the following holds:
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(i) The worst case complexity of the subresultant chain algorithm over
Z[x1, Xr_i][XrJ is O(n2’~2(r1ogn + Lniax)2). Furthermore, the subresul
tant coefficients are bounded in length by O(n(log ii +~and the degree
of the k-th subresultant is at most k.

(ii) The worst case complexity of Brown’s modular gcd algorithm is

o(n2r+l(rlogn + Lmax)2).

(iii) The worst case complexity of Collins’ modular resultant algorithm is

o(n2r+l(rlogn + Lniax) + n2r(rlogn + Lmax)2)

= O(n2’~’(logn + Lnjax) + n2”(logn + Lnzax)2)

(iv) The worst case complexity of Bareiss’ algorithm for a linear system over
Z [x1, . . . , xr] is O(k2T+5n2rL2), where k is the order of the matrix of the system,
L is the maximum length of 1-norms of its entries, and n bounds the degrees.

In the course of parametrization we will have to compute primitive part
of polynomials in Z[x1][x2]. Thus, we will need bounds for computing the
gcd of several polynomials in Z [x1].

Corollary 2.7. Let G = {g~, . . . ,gs} be a set of univariate polynomials over Z,
F := max{(~gj~~max g~ E G}, L length(fl, and n := max{deg(gj~g~ e G}. The
worst case complexity for computing gcd~g1,.. . ,g~) is

O(sn3(n2 + nL + L2)).

Moreover, the max-norm of gcd~g1, . . . ,g~) if bounded by

1 gcd(gi, . . . ,g~)II~1~ = O(2~T’)

Lmax(gcd(gi, . . . ,gs)) = O(n + L)).

Proof Without loss of generality we may assume s = ~ for some k. We will
proceed by divide-and-conquer. Using the following recurrence

s~9~ ~— g1, j = • ,

C(1) ~ c(i—1)~ — i • —

~ +—gc ~ 2j—1’ 2j ~ ‘•~•‘ ,I—

Upon termination the element ~ will contain the result. In the i-th step~
gcd’s of pairs of polynomials are computed. From Lemma 2.5 we see that
the max-norm of polynomials in the i-th step is bounded by O(2~T) (as they
all divide some of gí’s). Using Proposition 2.6 we may bound the number
of bit-operations by

O(~ ~jn3(n + L)2)).

Evaluating the closed form of this sum at k = logs we get the assertion of the
corollary. E
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3 Parametrization algorithm

In this section we briefly describe an algorithm for parametrizing plane
curves, that we will analyze in next subsections. For further details we refer
to [11].

Basically, the parametrization process consists of two parts. First, the
standard decomposition of singularities (including the neighboring ones, in
general) is determined. In this step, the set of all singularities is decomposed
according to their multiplicities. In the course of this process the genus is de
termined yielding a decision of rationality of the curve. Second, using these
informations a rational parametrization is computed.

In the sequel, algorithms corresponding to the two steps from above are
outlined. For this purpose, we will assume that the given curve is ratio
nal and therefore the algorithm will not compute the genus. The curve is
supposed to be in regular position (i.e. no line parallel to axes cut the curve
in more than one singularity). This can always be achieved by a suitable
change of coordinates (cf. [10]).

3.1 Standard decomposition of singularities

Let K be a field of characteristic zero in which all the field operations can
be carried out effectively. The Algorithm 2 on page 122 yields the standard
decomposition of the set of singularities.

Remark 3.1. Some steps in the above algorithm have to be clarified theo
retically and computationally. In step 5.3. the polynomials A1 defining the
families of singularities are obtained. The x1 coordinates of all the corre
sponding (i + 1)-fold affine points of C are exactly the roots of A1. Then,
in step 5.5. x2-coordinates of singularities are computed. Let p be an irre
ducible factor of A~. As the curve is supposed to be in regular position, for
each a with p(a) 0 there is exactly one /3 such that (a : /3: 1) is a singu
lar point of F. Hence in each Q(a)[x2] (p(a) = 0, p being a factor of A1) we
have deg~2 gcd(f(a, x2), ~.(a, x2)) = 1. This verifies the correctness of step
5.5. Finally, the set of i + 1-fold singularities is described by

{(ap~(a) : p1(a) :

In case A~ is reducible, more families of singular points may be put together.

Remark 3.2. The output of algorithm SINGULARITY is a family of singu
lar points separated according their multiplicities. Note that {(nz(a) :

stands for a set of deg(A,) of i + 1-fold points.

Now we are going to analyze the computing time of the algorithm SIN
GULARITY. Let F(x1, x2, x3) be a homogeneous polynomial defining an al
gebraic rational plane curve C of degree n, in regular position, and such that
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all the singularities of C are ordinary. Note, that the algorithm SINGULAR
ITY works for algebraic curves of any genus. It computes the neighborhood
graph of C from which it is then trivial to read off the genus. Thus, at the
same time, we obtain a decision procedure for determining the rationality
of C. The analysis applies to curves of arbitrary genus.

Theorem 3.3. Let LF :=~The worst case complexity of the algo
rithni SINGULARITY is 0(n12(n log n + LF)2).

Proof One has basically to analyze the ioop in step 5. The ioop in step 5
will be executed at most 0(n) times. Let TSJNG(i, j) be the time of execution
of step 5.j in the i-th ioop. Then if I denotes the set of all the different mul
tiplicities of points of C it holds

11

TSING = ~ T5~(i, j).
ielj=1

Let us consider now the worst case complexity of the execution of i-th loop
in step 5. We may assume to have all derivatives of F precomputed and
stored in a table. It can be easily verified that this step does not affect the
overall complexity.

Step 5.1. One has to calculate i + 1 derivatives of the form Gk = ~ k~i-k’ ~ +

1 resultants of the type Rk = res~2(f, Gk), and gcd(Ro,.. . , ~ Xbsing
Proposition 2.6 we have for j = 0, . . . , i

Lmax(~4) = 0(ilogn + LF)
axk

Lmax(resxk(f, ~—4)) 0(n(ilogn + Lv)).
axk

Then it follows that the time for computing the i +1 resultants is domi
nated by i(n5 (ilogn + LF) + n4 (ilog n + Lp)2)which is 0(in5 (ilog n +

Finally, the time to compute the greatest common divisor is 0(n6i(n4 +

n4(ilogn + L~) + (n(ilogn + L~))2)) = 0(in’°(ilogn + LF)2). Hence

TSNG(i, 1) = 0(in’°(ilogn + Lp)~).

Moreover, Lmax(~i) = 0(n(ilogn + LF)) and deg(~~) ≤ n~.

Step 5.2. Since the modular gcd algorithm of Brown computes the gcd and
the cofactors, it holds that the step 5.2. is bounded in time by the time
of computing the gcd(~~, ~). Now, using Proposition 2.6, and the fact
that Lmax(~i) = 0(n(ilogn + Lv)), it follows that

,. ~_ i r 2TSINGI~i, 2~ — 0k~ ~ziogn + Lp) ).
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We also observe that, since B, is a divisor of res~2(f, ~tç), it holds that

length(B,) = 0(n(ilogn + LF)).

Step 5.3. Applying Proposition 2.3, one has that

TSJNG(i,3) = 0(n6(ilogn +LF)2).

Step 5.5. Using Proposition 2.6 and that Lmax(~) = 0(logn + LF), one has

that the subresultant computation requires time 0(n6(log n ÷ L~)2).
Now, we have to bound the time for computing j3(x1) mod A, and
p(x1) mod A~. We observe that max{Lmax(pj), Lmax(Pi)} = 0(nlogn +

nLF) and max{deg(p,), deg(p,)} = 0(n2). Furthermore for A,, we use
the fact that A1 divides res~2(f, ~-) (all roots of A, are x1-coordinates of

some singularities), and therefore deg(A,) ≤ fl2, Lmax(A,) = 0(n(n + LF))

(Lemma 2.5). Thus applying Proposition 2.3 one concludes that the
time for the two divisions is bounded by O(n8(logn + LF)2). Hence

TSING(i, 5) = 0(n8(logn + LF)2)).

By the hypothesis all singularities are ordinary hence no expansion of
the neighboring tree is needed and step 5.7. does not contribute to the
complexity Then, The worst case complexity for algorithm SINGU
LARiTY can be bounded by

TSING = 0(~in’°(i1ogn +LF)2).
1E I

Thus, since ~iE 1i2 = 0(n2),

‘r _r~, 12, i r
‘SING — LJifl I~n1ogn+LF)

Li

Corollary 3.4. Let C be a irreducible plane algebraic curve with no neighboring
singularities given by a homogeneous polynomial F of degree n. Then the genus of
C can be computed in 0(n’2(nlogn + L~) bit operations.

Proof Using all informations on singularities of C, we have an algorithm for
computing the genus. See Algorithm 3 on page 122.

We have Card(.~F) = 0(n~). Hence the running time is dominated by the
computation in step 1. Li

In the following theorem we summarize some results on singularities
which have partially been proved in course of complexity analysis of the
algorithm SINGULARITY.
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Theorem 3.5. Let F e K[xi, x2, x3] be a homogeneous polynomial ofdegree n defin
ing an algebraic rational plane curve C with only ordinary singularities and let
LF :~ Lrnax(F). Then, if

IJ {(ni~(a) m~,2(a) : mi,3(a))}A(a)=o
i~ I

is the standard decomposition of the set of singularities 8(C) of C it holds that:

(i) deg(A1) ≤ n~, deg(m1,1) ≤ n~ for i e I, j = 1,2,3;

(jj) Lniax(Ai) = 0(n(n + LF))for i e I;

(iii) Lrnax(flhi,j) = 0(n3(n + LF))for i e I, j = 1,2,3.

Proof. The first two statements have already been proved in Theorem 3.3.
We also saw there, that any polynomial component m~, 1(t) in the standard
decomposition is congruent modu1oA~(t) to a polynomial dominated in length
by 0(n(logn + LF)) and in degree by 0(n2). Therefore, using Proposition 2.3,
one has that Lmax(mi,j) = 0(n3(n + LF)). LI

For rational singularities a better upper bound of the length maybe given.

Proposition 3.6. Let F e K[x1, x2, x3] be a homogeneous polynomial of degree n
defining an algebraic plane curve C. Then, the length of any coordinate ofany ra
tional singularity of C is bounded by 0(n(logn + Lmax(F))).

Proof Letf(x1,x2)=F(xi,x2,1), Ri(xi)=res~2(f, ~-),andR2(xi)=res~2(f, ~-).
Then the x1-coordinate of any rational affine singularity is a common ratio
nal root of R1 and R2. Therefore, the length of any x1-coordinate of any ra
tional singularity is bounded by the maximum of the lengths of R1 and R2
(cf. [8]),that is 0(n(log n + Lmax(F)). Similarly, considering resultants w.r.t. x1
one obtains the same bound for the x2-coordinates. LI

3.2 Parametrization

In this section we design an algorithm for parametrization of plane rational
curves with only ordinary singularities. See Algorithm 4 on page 123. Note,
that according to Corollary 3.4 we may apply the subsequent algorithm to
any irreducible plane curve regardless whether it is rational or not. In a pre
processing step we may determine the genus and refuse any non-rational
curve causing no asymptotic increase of computing time. We assume that
POINTS(F,k) is an auxiliary algorithm that computes k simple points on the
curve given by F over the smallest algebraic extension of K. Here, we do not
want to go into details of construction of such algorithm. For a description
we refer to [5, 12].
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Remark 3.7. We briefly comment some steps of the algorithm. In step 6, Ha
is forced to pass through the standard decomposition of the set of singular
ities with a specified multiplicity. To achieve it, we refer to [11].

The elimination of factors corresponding to fixed common points of the
curve and Ha can be done by computing the primitive part of S1 and S2 w.r.t.
x2 and x1, respectively, or explicitly by dividing by these factors, which are
known in advance [11].

In the sequel, the complexity of the algorithm PARAMETRIZE is an
alyzed. For deriving complexity bounds, two different cases are distin
guished. First, we consider only curves whose singularities are ordinary
and rational. Second, we deal with the most general case that we consider:
curves only with ordinary singularities; probably lying on some algebraic
extension of the ground field, Furthermore, as we mentioned in the intro
duction, we do not take care of simple points on curves. We assume that as
many simple points as the algorithm PARAMETRIZE needs are given. For
actually finding them, we refer to [5], [12].

3.2.1 Rational ordinary singularities

In this subsection we deal with curves having only rational ordinary singu
larities.

LetF(x1, x2, x3) E K[x1, x2, x3] be a homogeneous polynomial defining an
algebraic rational curve C of degree n, in regular position, and such that all
the singularities are ordinary and rational. We consider given simple points

{R1, .. . , Rjj on C with rational coordinates, where k = (a — n +2) n + (n — 3)
forsomeae {n—2,n—1,n}.

Lemma 3.8. The worst case complexityfor the algorithm PARAMETRIZE, work
ing on rational ordinary singularities, is

O(n’2(n log n + LF)2 + n12 max{L~,log n + Ls }2)

where n is the degree of the curve, LF = Ln,ax (F), LR is the maximum length of the
given rational simple points, and Ls is the maximum length of singularities.

Proof Let TpAp~M(i) be the time of execution of step i of the algorithm PA
RAMETRIZE. Then it holds that

14

TPA~M ~TpA~M(i).
i=1

From the Theorem 3.3 it follows that TpA~M(l) O(n12(n log n + L~)2). Steps
2 and 3 are irrelevant in terms of complexity. Also since a ≤ n one has that

2
‘PARAM(5)—O(fl
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In the step 6, let P1, . . . , P,~1 be the singularities of C and r1,. . . , r,,1 the cor
responding multiplicities. Let Ha be a generic tn-variate homogeneous poly
nomial with undetermined coefficients, i.e. Ha = ~i+j+k=a CiJkX’Y’Z’~. Then,
passing Ha through ~F, with the specified multiplicities, implies to compute

f ani-~ (P)~

( ~ ~xx~a4 J ii+i2+i3=rj_~J i~i

This follows from the fact that i-th derivatives of Ha may be written as lin
ear combinations of i + 1-st derivatives (this follows from Euler’s Theorem,
cf. [3],p. 6).

Since the number of terms of each of the r1(r1 — 1)/2 polynomials to be
evaluated at P1 is (a — r1 + 3)(a — r1 + 4)/2, then the time for the execution is

— .~!,r1(r1—1)(a—r1+3)(a—r1+4)
TPA~M(6) — 0(L 2 2 t1),

1=1

where t1 is the time for evaluating any monomial i1(i1 — 1) (i1 — a1 +

1)i2(i2—1) (i2—a2÷1)i3(i3—1) (i3_a3+1)Xil_alYi2_a2Z13_a3,ii+

i2 + i3 = a, a1 + a2 + a3 = r1 —2 at P1. Then t1 is dominated by the time for com
puting ABa, where length(A) = O(r1 loga), and B is the coordinate of P1 with
maximum length. The time to compute B~ is dominated byalogalength2(B)
hence

t1 = O(aloga length(B)2 + a length(B)r1 log a)

= O(alogalength(B)(length(B) + r1))

Hence using a ≤ n and ~ r1(r1 — 1)/2 = (a — 1)(a — 2)/2, we obtain

TPARAM(6) = O(n4 n log nL5 (Ls + n)) = O(n5 log nL~ + n6 log nL5).

In the step 7, let t be the time for passing Ha through one simple point
R e {R1, . . . Rk}. Then t ≤ 1~~2) ~ where t~ is now the time for evaluating
any monomial of Ha at R. Thus, t~ is dominated by the time for computing
B~, where B is the coordinate of R, of maximum length. Consequently,

TPAR&M(7) = O(kn2alogaL~) = O(n5lognL~).

In the step 8, if a = n then coordinates of an additional point not on C can
always be taken bounded by n (not all points (k: 1 : 0), k = 0,. . . , n, may lie
on C). Forcing Ha to pass through (k: 1 : 0) will result in the linear equation
c010 + c110k + . + Ca1()k’~ = 0. The time for computing its coefficients is

TPARAM(8) = O(a2 log2 a) = O(n2 log2 n).
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In the step 9, a linear system with 0(n2) equations has to be solved. On
the other hand the length of the entries in the system is dominated by 0(n log n +

nLs), for rows coming from step 6, and by 0(nLR), if the equation comes
from steps 7 or 8. Thus, applying the Proposition 2.6, one has that the time
for solving the system is dominated by

n~°max{nlogn+dLs,nLR}2 = 0(n12max{LR,logn÷Ls}2)

And since the substitution in Ha of the solution takes 0(n2) it follows that

TPA~M(9) = 0(n12 max{LR, log n + Ls}2).

Now, we are interested in the length of the resulting pencil Ha. Then, taking
into account that every coordinate of the solutions of a linear system can be
expressed as a fraction of determinants, it follows that

Lmax(Ha) = 0(n3max{LR,logn +Ls})

In steps 10 and 11, we first observe that the maximal length of max-norms
of polynomials in Z [x1, x2, t] (t being the remaining undetermined coeffi
cient in the solution of the linear system in step 9) involved in the resultants
is bounded by 0(max{Lp, n3D}), where D = max{LR, logn + Ls}. Therefore,
applying the Proposition 2.6 one has that both steps are dominated in time
by n7(log n + max{LF, n3D}) + n6 max{LF, n3D}2. But, since n3 ≤ max{LF, n3D}
it follows that

TpAp~p~~(lO) ~ Tp~p~j(ll) = 0(n7(logn + max{LF, n3D})

+ n6(log n + max{Lp, n3D}2))

= 0(n6 max{LF, n3D}2).

On the other hand, from Proposition 2.6 we have that Lmax(Si) =

0(n2 max{LF, n3D}).
In the step 12, the quotient of Si and a polynomial Pi’ obtained as the

product of all the factors produced by singular and regular points, has to
be calculated. The computation of Pi takes 0(n4D2), deg(p1) 0(n2) and
length(p1) = 0(n~D). Thus

TPAPAM(l2) = 0(n6max{Lp,n3D}2).

Finally, since the steps 13 and 14 are irrelevant for the complexity anal
ysis, taking in account the result of Theorem 3.3 one concludes that

TPARAM = 0(n~2(nlogn + LF)2 + n’2max{LR,logn + Ls}2).

E
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Remark 3.9.

1. In deriving complexity bounds for the algorithm PARAMETRIZE, in
the rational ordinary singularity case, we have not utilized any spe
cial simplified version for the algorithm SINGULARITY. We have just
applied the Theorem 3.3. A suitable version for rational singularities
may reduce the upper bound.

2. In the proof of the previous lemma, we have implicitly assumed that
the coordinates of the rational singularities are known, although al
gorithm SINGULARITIES returns families of points. This is not any
loss of generality, since an optional step for detecting them can be in
serted in the outline of SINGULARITY, without modifying th com
plexity bound in the Theorem 3.3

In the last part of this subsection we apply the Proposition 3.6 and the
previous lemma to derive an upper bound depending only on the rational
simple points.

Theorem 3.10. The worst case complexity for algorithm PARAMETRIZE, work
ing on rational ordinary singularities, is

O(n12max{LR, n(logn + Lp)}2)

where n is the degree of the curve, LF = Lmax(F), and LR bounds the length of the
given rational simple points.

Proof. By Lemma 3.8, we know that O(n12(n log n + LF)2 + n12 max{LR, log n +

Ls }2) bounds the worst case complexity of the algorithm. By Proposition 3.6
Ls = O(n(logn + LF)). Combining these bounds we immediately obtain the
assertion of the theorem.

Corollary 3.11. The worst case complexity ofalgorithm PARAMETRIZE, work
ing on rational ordinary singularities, is O(n’4 log2 n max{LR, Lp}2).

3.2.2 Standard families of ordinary singularities

This subsection is dedicated to analysis of the complexity in general. We
consider curves having only ordinary singularities (i.e. without neighbor
ing ones), possibly lying in some algebraic extensions of the ground field.

Let F e K[x1, x2, x3] be a homogeneous polynomial defining an algebraic
rational curve C in regular position of degree n with only ordinary singu
larities. We consider {R1, . .. , Rk} to be given rational simple points on the
curve,wherek=(a—n+2)n+(n—3)andae {n—2,n—1,n}.Then,thefol-
lowing lemma gives an upper bound for the worst case complexity in terms
of the degree and the length of the curve, of the rational simple points and
of the standard decomposition.
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Theorem 3.12. The worst case complexityfor the algorithm PARAMETRIZE is

O(n26(n + LF)2 + n5 log nL~)

where n is the degree of the curve, LF length(IIF~j,nax), LR is the maximum length
of coordinates of simple points returnedfrom the procedure POINTS.

Proof We will analyze the algorithm PARAMETRIZE allowing the coordi
nates of singularities to lie in finite extensions of the ground field. Let TPARkM

have the same meaning as in the proof of Lemma 3.8. The complexity of first
five steps is independent of the type of singularities and has already been
determined.

Let ~ be the standard singularity decomposition computed in step 1.
Then ~ may be written as

~FsU~,
ZE I

where J~ = {(m,(cx), n(a), pi(a))}A1(a)=O. In step 6, since ~J contains (i + 1)-
fold points, passing Ha through ~ implies to force the polynomials

f ~1Ha ~

~ ~x~x~4 J i1+i2+i3=i—1

to vanish on ~. Therefore, if T1 is the time for forcing one of these i(i + 1)72
polynomials to vanish on ~J, it holds that TPARAM(6) = °(~iEI i2I~). In deriv
ing bounds for T~, we observe that computing time for obtaining

G(t) = a (m~(t), n(t), p(t))
~x1’ ~x~ax~

and g(t) G(t) mod A1(t) have to be analyzed. Since is a polyno
ax1 ax2 x3

mial of degree a — i + 1 with 0(a — i + 2)(a — i + 3)/2) terms, it follows that, as
a ≤ n, T~ = 0(n2t1), where t1 is the time for computing cB(t)3~ mod A1, with c
being an integer of length 0(i log n), B e {m1, n~, p~}. Recall (by Theorem 3.5),
Lmax(B) = 0(n~(n + LF)), deg(B) = 0(n~), Lmax(Ai) 0(n(n + LF)), deg(A~)
0(n2). Using Corollary 2.4 we obtain Lmax(B(t)3~ mod A1 = 0(n4(n + LF))
and t~ = O(n1° log n(n + LF)2). Hence

TPARkM(6) = O((n’4logn(n +Lp)2).

For steps 7 and 8, reasoning as in the proof of Lemma 3.8, it holds that

TPARAM(7) = O(n~ log nL~)
TpAp~M(8) = 0(n2 log2 n).
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In step 9, linear system of 0(n2) equations has to be solved. Its entries are
univariate polynomials p(t) with Lmax(p) = 0(n4(n + LF)) (thus also L1(p) =

0(n4(n + LF))) and deg(p) = 0(n2). Using Proposition 2.6 we obtain

TpAp~M(9) = 0(n26 (n + LF)2).

In steps 10 and 11, length of max-norms of polynomials in Z[x1, x2, t] in
volved in the resultant are bounded by 0(n4(n + LF)), where Applying Propo
sition 2.6 one has

TpAp~M(lO) Tp~p,p~M(ll) = 0(n’4(n + Lp)2)).

In step 12 we first compute fl(xi — co~,1(t)) and fJ(x2 — o1,2(t)) where 01,i

and CUi,2 are first and second coordinates of a singularity of F, respectively.
Then an exact division of S1 by these polynomials is performed. Since the
degree in x~ is 0(n) and the length of max-norm is bounded by 0(n3(n + LF))
(3.5) using Proposition 2.3 we obtain

TpAp~M(l2) = 0(n”(n + Lp)2).

Finally, since steps 13 and 14 are irrelevant in terms of complexity. we
conclude

TPAR&M = 0(n26(n + LF)2 + n5lognL~).

E

4 Curves with neighboring points

Up to now we considered and analyzed algorithms for curves devoid of
complicated singularities, i.e. of those having no neighborhood points.
Though curves with complex singularities are encountered very often. In
this section we study the classical algorithm for computing the neighbor
hood tree, give basic analysis of its behavior in terms of complexity and
outline the impact on the algorithm SINGULARITY and PARAMETRIZE.

4.1 Computing neighboring singularities

Now we give a sketch of the algorithm for computing the neighborhood
graph for a given absolutely irreducible plane curve. See Algorithm 5 on
page 124. As a neighboring singularity is just a usual singularity of a trans
formed curve we will use the representation as in Section 3.1. Though due to
the rather complicated nature of neighboring singularities we will be forced
to work in multiple extensions of the underlying field.
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Remark 4.1. In the general version of the parametrization algorithm the
above procedure will be called in step 5.7. of the algorithm SINGULARiTY
in Subsection 3.1.

Let us have a closer look at this algorithm. In each recursive call we are
computing singular points hence possibly introducing new algebraic exten
sions. We will examine the two first recursive calls to NEIGHBORHOOD
TREE.

(a) Let K be the coefficient domain of the original polynomial F defining the
curve. Let P be a singularity of F computed by the algorithm S]NGU
LARITY. Hence

P = (m(a) : n(a) : p(a)), A(a) = 0

where A(U) is a squarefree uriivariate polynomial (not necessarily irre
ducible) with a root a. We will mimic the computing in K[a] by per
forming all computations in K[U]/(A(U)). However, care is needed when
doing divisions.

(b) In the step 1. of the previous algorithm we set up a transformation T1
which moves the point (0:0: 1) to one singukrity Then T1 may contain
algebraic numbers as coefficients. Following the transformed poiyno
mial F” has coefficients in K[aJ. So we have to perform all computations
modulo A(U).

(c) Obviously, each recursive call may introduce a new extension of the pre
viously obtained field so that finally we will be computing in K[a1, . . . , a1].
All computations in this field will be mimicked in the ring K[U1,. U1]
modulo the triangular system of polynomials

A1(U1)

A2(U1, U2)

A1(U1,...,U1).

For the sake of complexity consideration it is important to estimate the
depth of the neighborhood graph. As we saw in the Section 3 the num
ber of new variables has an immense impact on the theoretical complex
ity of the parametrization algorithm. In the sequel we will show that
this number may be of the same order as the degree of the curve.

We prove some facts about the depth of the neighborhood graph now.

Theorem 4.2. There is an infinite family of rational plane curves {Ck} where the
depth of the neighborhood graph is O(deg(C~)) (i.e. of the same order as deg(Ck)).
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We will prove some auxiliary lemmas from which the theorem will im
mediately follow.

Lemma 4.3. Let Fk(X, Y, Z) = X2k41 — y2Z2k_1 and

= Z2k_2i_l(X + Y)2 2i+1A (X 1”, Z) — (XY)2k_l(X — Y)2B~(X, Y, Z)

(5)

where

= 1 (6)

= A~1(XY, XY + XZ — YZ, (X + Y)Z)(2XY + XZ — YZ)2’2’~3 (7)

~ = 1 (8)

B~ = B~1(XY, XY + XZ — YZ, (X + Y)Z)(XY + XZ — YZ)~-1. (9)

Then it holds

(i) For all k ≥ 1, Ck = V(Fk) is a parametrizable plane curve.

~ ~(k) determines points in the i-th neighborhood of the point (0 0: 1) on Ck.

(iii) For all i ≤ k — 1, c1 has a double non-ordinary point (1 : 1 : 0).

Proof It is easy to show the rationality of Ck. The transformation X =

Y = T2~1, Z = 1 yields the desired birational mapping.
In order to verify the second assertion we perform the following changes

of coordinates in P2:

T2:X~—X+Y T3:X~—YZ

Y~—Y+Z Yf-—X+Y Y~—XZ

Z4-X Z~-Z Z4-XY.

The transformation T1 moves the point (0 : 0: 1) to (1 : 1 : 0), T2 assures that
~(k) does not pass through (1 : 0 : 0) and (0: 1 : 0), and no axis is a tangent to

~(k) at (0 : 0: 1). The mapping T3 is the well known quadratic transforma

tion. Putting them together we obtain

T:X4-XY

Y~— XY+XZ-YZ
Z~—(X+Y)Z.

First we apply T1 and then T3 to Ck getting ci~. By induction on i it is
not hard to verify Formulae 5 and 6.
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For the last assertion of the lemma it is sufficient to consider

~~k)(XlZ) d
an

at X = 1, Z = 0. It is easy to see that (1 : 1 : 0) is exactly a double point on

LI

As we agreed on using multiple extensions whenever an enlargement
of the ground field is required every such new extension is represented by a
polynomial in one additional variable. From the Theorem 4.2 we see that the
computation of the neighborhood graph may extend the ground field sev
eral times hence introducing a number of variables asymptotically equiva
lent to the degree of the curve. The complexity estimates from the Section 2
imply an exponential time growth for the algorithm SINGULARITY and
hence for the parametrization when run on curves with neighboring points.
This is due to the non-constant number of new variables introduced in the
process of expanding the neighborhood graph.

Even though we have an explicit bound for the total number of points in
the neighborhood graph of the curve 0(n2), n being the degree of the curve,
in the course of the computation we perform arithmetic operations over poly
nomials with a growing number of variables. In order to stay below a poly
nomial time bound we would have to require a constant depth of the neigh
borhood graph of curves under consideration. The Theorem 4.2 shows that
this is impossible.

Resuming, we have shown that there is an infinite family of rational
curves on which our algorithm takes exponential time in the degree of the
curve. Thus no polynomial time bound is possible using algorithms de
scribed above to parametrize curves with neighboring points. Only in a spe
cial case where the depth of the neighborhood graph is bounded by a con
stant we may achieve a polynomial running time.

5 Conclusions

Even though the parametrization algorithm is in use for a long time only
little was known about its complexity Mainly due to the prohibitive run
ning time it is not feasible to determine its average behavior by testing it on
a large set of data. In this paper, the worst case complexity for the special
case of curves lacking neighboring singularities has been proved. Practical
examples reveal that the worst case complexity determined in this paper is
too pessimistic for most cases (curves of degree 10 have been parametrized
in a reasonable amount of time). This is partially due to the high estimate
for the length of coordinates of singularities. If this parameter was taken as
an input measure, finer theoretical complexity could be obtained and also
some bounds observed in practical computations might be matched closely.
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In the course of the analysis of parametrization algorithm we obtained
an estimate for the time needed to determine the genus of an irreducible
curve and an algorithm to decompose the set of singularities.

Moreover, we have shown that allowing neighboring points may con
siderably increase the amount of time needed to parametrize curves. It turns
out that using strategies described in this paper the time to parametrize a
curve may be exponential in the degree of the input curve.

All algorithms described in this paper were implemented in the Maple
package CASA ([9]) developed at the Research Institute for Symbolic Com
putation, Linz, Austria.
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1. .~T ~—SINGULARITY(C); g ~— 0;
for aliSe ~Fdo

2. m ~— multiplicity(S); g ~— g + m(m — 1)/2;
end
return (n— 1)(n—2)/2—g;

Algorithm 3:

SINGULARITY(F)
Input: F E K[x1,x2,x3] - defining homogeneous polynomial
of an irreducible plane curve C of degree n in regular posi
tion
Output: standard decomposition of singularities

1.
2. f~—F(xi,x2,1);Bi÷---f;

3. ~

4. B1 ~ gcd(~1,~)’

5. for i ≥ 2 while deg(B1_1) > 0 do

5.1. ~— gcd(res~2(f, ~ . . . ,res~2(f, ~Y);

5.2. B~ ~

5.3.
5.4. if deg(A1_1) > 0 then
5.5. qj_l(x2) ~— — =

subresi(f(x1, x2), ~-(x1, x2), X2)
mod A1_i(xi);

5.6. +—

5.7. determine the expanded neighboring graph
~ of 9~;

5.8. -~Fc9~1;
end

5.9. i~—i+1;
end

6. repeat the process, dehomogenizing w.r.t. X2 and
then w.r.t. x1;

7. return ~F

Algorithm 2:

GENUS( ~T)
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PARAMETRIZE(C)
Input: F e K[x1, x2, x3] - homogeneous polynomial defining
an irreducible rational curve C of degree n
Output: rational parametrization of C

1. ~T ~— SINGULARITY(F);
2. chooseae {n—2,n—1,n};
3. k~—(a—n+2)n+(n—3);
4. {R1, . . . , Rk} ÷— POINTS(F, k);
5. Ha(X~, x2, x~) is a linear system of curves of degree a

with undetermined coefficients;
6. pass Ha(X1,X2,X3) through .~T, such that, if P is an r

fold point in .~F (including the neighboring one), then
P has multiplicity r — 1 on Ha;

7. pass Ha(Xi, x2, x3) through regular points {R1,... , Rjj;
8. if a = n then pass Ha through an additional point not

on C;

9. solve the linear system of equations in the undeter
mined coefficients of Ha created in steps 6, 7 and 8,
and substitute the solution in Ha;

10. S1(x~) f— res~1(F(x1,x2, l),Ha(Xi, X2, 1));
11. S~(x~) ~— res~2(F(xi,x2, l),Ha(X1,X2, 1)).
12. remove the factors in S1 and S2 coming from fixed in

tersections of F and Ha;
13. solve the linear system of equations {S1(x2) =

0,S2(x1) = 0}, where x1,x2 are the unknowns. Say
that (R1(t),R2(t)) is the solution;

14. return (R1(t),R2(t))

Algorithm 4:
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NEIGHBORHOOD TREE(P)
Input: A singular point P of a curve
Output: Neighborhood tree rooted in P

1. determine a change of coordinates T1 moving the projec
tivepoint(0 :0: 1)toP;

2. determine a change of coordinates T2 such that F’ = F o

T1oT2contains (0:0: 1)butnoneof (1:0:0), (0:1:0)
and such that no axis is tangent at (0 : 0: 1) to F’;

3. perform the quadratic transformation on F’ centered at
(0 : 0: 1) yielding a new curve F”;

4. compute the set S of singularities on F” n V(Z);
5. foraliRe Sdo
6. call NEIGHBORHOOD TREE recursively on R;

end

Algorithm 5:
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